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Relativistic self-consistent theory of nuclear structure is considered. Such an approach has
achieved a high degree of sophistication and in the framework of the Hartree and
Hartree-Fock approximations describes quantitatively many properties of the ground states
of finite nuclei: total binding energies of nuclei, charge-distribution radii, separation

energies, and spin-orbit splittings. The Coulomb field of the nucleus is introduced naturally
on the basis of vector dominance with allowance for the electromagnetic structure of

the nucleons. The connection between the relativistic theory and the Hartree—-Fock method
with effective Skyrme forces is considered. The problems of the relativistic
Dirac-Brueckner—-Hartree—Fock theory for finite nuclei are discussed. The success of the
relativistic Hartree and Hartree-Fock approximations ensure a good basis for the study of

nuclear excitations in relativistic models.

Since the beginning of the seventies, there has been
broad development in nuclear physics of the direction in
which the nucleus is treated as a relativistic system; many
new important results have been obtained in this field dur-
ing the last 20 years."”

In particular, it has been established that the anoma-
lously large spin—orbit coupling in nuclei, which is treated
purely phenomenologically in the nonrelativistic descrip-
tion, can be explained naturally in the relativistic ap-
proach.

One of the advantages of the Dirac description com-
pared with the Schrédinger picture is that in the frame-
work of relativistic theory a natural explanation is pro-
vided for the energy dependence of the real part of the
optical potential—at intermediate energies of the nucleons,
the optical potential takes the characteristic shape of the
“bottom of a wine bottle.” This dependence was confirmed
experimentally by investigations into the elastic scattering
of protons by nuclei at intermediate energies.

The relativistic form of Kerman-McManus-Thaler
theory has been widely developed. This approach does not
contain free parameters. Relativistic calculations have been
made in the framework of this theory for the differential
cross section, analyzing power, and spin-flip function for
elastic scattering of polarized protons with energy ~ 500
MeV by “°Ca and 2°®Pb nuclei. The calculations showed
that the transition from the nonrelativistic description to
the relativistic theory leads to a ‘“‘dramatic” improvement
of the agreement with experiment for polarization effects.

Already in the Hartree approximation the relativistic
treatment makes it possible to obtain agreement with the
experiments for the total binding energies of nuclei, the
charge-distribution radii, and the separation energies. The
binding energies and the charge radii are reproduced to an
accuracy of a few percent. The density distributions of
spherical doubly magic nuclei obtained in the relativistic
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approach are in good agreement with the electron scatter-
ing data. It has also been shown that saturation, a funda-
mental property of nuclei, is a relativistic kinematic effect,
and self-consistent relativistic calculations have been made
for both spherical and deformed nuclei.

Relativistic' effects are most important for fields of
anomalous parity [for which the multipolarity L deter-
mines the spatial parity by means of the relation (— yE+Y,
i.e., for fields that couple the large and small components
of the wave function. Such effects can be very important in
investigations of the stability of nuclear ground states in
external fields; fields whose symmetry differs from the sym-
metry of the ground state are of the greatest interest.

Relativistic effects in nuclei can also be important in
the study of electromagnetic and B transitions, and also
processes determined by the Coulomb interaction.

In addition, the relativistic approach, in particular, rel-
ativistic wave functions, are needed to describe character-
istic phenomena in the region of intermediate energies, for
example, (p, m+) reactions.

An advantage of the approach to the description of
nuclear properties considered in the present review is, in
particular, that in this approach it is possible to give a
unified description of not only the interaction of nucleons
with nuclei but also that of other elementary particles: an-
tiprotons, pions, hyperons, and kaons.

The development of a relativistic description of nuclei
is inseparably connected with the successes of meson the-
ory, in particular, the meson theory of nucleon—-nucleon
interactions.

During the last two decades, the meson approach to
the description of nuclear systems developed especially
strongly, and extensive reviews on the meson theory of
nuclear forces have been published. Important successes
have been achieved in the description of nuclear matter
and finite nuclei with allowance for meson degrees of free-
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dom, the A(1236) resonance, three-particle forces, etc. (in
this connection, we mention Refs. 8-13).

The relativistic theory of nuclear structure is being de-
veloped in two directions.

In the first, one investigates effective Lagrangians with
a set of mesons whose parameters are fitted to reproduce
the observed saturation properties of nuclear matter and
finite nuclei, this being done either in the Dirac-Hartree
approximation or in the Dirac-Hartree-Fock approxima-
tion. The most characteristic example is the Walecka
model. This approach has achieved a high degree of so-
phistication and can describe quantitatively many proper-
ties of nuclear ground states.

The second approach is based on the Dirac—
Brueckner-Hartree-Fock theory of nuclear structure. The
point of departure in this case is provided by the vacuum
NN forces (of the type of one-boson exchange potentials:
OBEP), which are fitted to the description of NN scatter-
ing and the observed properties of the deuteron. The effec-
tive NN interaction in the medium—Brueckner’s G
matrix—is then completely determined and does not con-
tain any more free parameters. In such an approach, the
saturation properties are not parametrized but must be ob-
tained directly on the basis of the vacuum potentials. A
great achievement of this theory is that, in contrast to
nonrelativistic Brueckner theory, it leads to a saturation
point quite close to the empirical value (not lying on the
so-called Coester line). Theories of this type have been
developed for both infinite nuclear matter and finite nuclei.

Calculations have also been made to establish the ex-
tent to which relativistic models with parameters chosen to
describe the ground states can describe satisfactorily the
excited states of finite nuclei.

In this review, we consider the systematics of the prop-
erties of nuclear matter, finite nuclei, and also nuclear dy-
namics in the framework of relativistic theory.

1. WALECKA MODEL. GENERAL
CHARACTERIZATION OF THE MODEL

The anomalously large spin—orbit coupling is a direct
indication of the important role played by relativistic ef-
fects in nuclei. To explain this, we compare the nuclear and
the atomic situations. In an atom, the spin—orbit potential
is determined by the Thomas formula

U 1 la’U1 )
S=nErar U o

where U is a central potential (Coulomb field of the nu-
cleus plus self-consistent field), and M is the mass of the
free nucleon.

Application of Eq. (1) to a nucleus leads, first, to an
incorrect sign of the effect (the central potential of the
nucleus—a well of depth 50 MeV and radius of the order of
the nuclear dimension—has a positive derivative, whereas
the observed sign is negative) and, second, to an absolute
magnitude of the effect that is approximately 30 times
smaller than is observed. Therefore, in the case of a nucleus
it is necessary to introduce in Eq. (1) a negative coefficient
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that is numerically equal to 30 and characterizes the en-
hancement of the relativistic effects in nuclei.'*
A solution to the problem was proposed by Duerr,’

who described the nucleus by a Dirac equation of the form
(fi=c=1)

lap+BM+BS(r)+V(r) 1¢r=Ef;, (2)

where the matrices a and B have the traditional represen-
tation, E; are the eigenvalues, and 1, are the eigenfunc-
tions:

S

Pa
¢ﬂ.=(“)- 3)

As can be seen from Eq. (2), in Duerr’s relativistic
theory the nuclear nucleons move in two fields, one of
which, S(7), is a world scalar, while the other, V' (r), trans-
forms as a relativistic vector [V () is the time component
of a 4-dimensional vector field]. It also follows from Eq.
(2)" that the central potential in which the nucleons move
is determined by the sum of the fields S(r) and V(r),
whereas the spin-orbit potential corresponding to this
equation is determined by the gradient of their difference:
V(r)—S(r). If we take the depth of the attractive field to
be ~ —400 MeV and the magnitude of the repulsive vector
field to be ~ +300 MeV, then we can recover to a good
qualitative accuracy both the depth of the nuclear shell
potential and the strength of the spin—orbit coupling in the
nucleus."

Duerr’s paper was published in 1956, when apart from
the pion no other mesons were known experimentally. For
this reason, the paper appeared academic and was not de-
veloped at that time. However, in 1961-1962 vector me-
sons were discovered experimentally, and at the beginning
of the seventies there appeared the models of one-boson
exchange (OBEP),**%!! in the framework of which it was
shown to be necessary to introduce scalar mesons in order
to describe the attraction between nucleons at intermediate
distances. This has had the consequence that in recent
years there has been a strong growth of interest in the
relativistic treatment of the properties of nuclear matter
and finite nuclei. The number of studies in this direction is
increasing.

At the present time, Walecka’s model'® is widely used.
The main reason for the success of this model is its sim-
plicity. It is based on the Lagrangian

L=9Pp(iY*8,—M)p+130,0 - #o—U(0) —33,V,*V"
+imy Y,V —gsibo —g i YV, (4)

with the potential function

U(a)—lmio“z—o-l/lm2 ﬁ03+l my = 204

=2 sy TgkMs\M ) 7

where o and V), are scalar and vector meson fields (=0,
1, 2, 3); ¢ is the nucleon field; y; are the traditional Dirac
matrices;!” g5 and gy are the constants of the coupling of
the scalar and vector mesons with the nucleons; and myg,
my, M are the masses of the scalar meson, the vector me-
son, and the nucleon [in Walecka’s model, the isoscalar
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vector meson is identified with the ® meson (J°I=1", 0),
and therefore in all the following calculations its mass is
taken to be m,=783 MeV].

In the model described by the Lagrangian (4), the
neutral vector meson interacts with the baryonic current

By =y,

and the scalar meson interacts with the scalar density y.

The Lagrangian (4) corresponds to Walecka’s model
for A==p=0, while for A=p =1 it reproduces the Lagrang-
ian of the nonlinear o model. The o model itself does not
give the correct saturation properties of nuclear matter.
For this reason, A and p were regarded in Refs. 18-27 as
parameters, and the functional U(o) was described in the
form

1 1 1
) 2 L4
U(a}_2m302+3b03+4ca. (5)

The description of the properties of nuclear structure
on the basis of Walecka’s model puts nuclear theory on a
qualitatively new level, at which it can be regarded as a
relativistic quantum field theory. Of course, the exact rel-
ativistic, quantum-field description corresponding to Wa-
lecka’s Lagrangian is very complicated. However, it turns
out that in the framework of this model it is possible to
obtain many important results by using the approximation
of an average field, in accordance with which the fields that
occur in Walecka’s model are treated as classical fields.
Generally speaking, this approximation requires a theoret-
ical justification, which was provided by Walecka only in
the limit of high densities. The use of the model in the
mean-field approximation at the observed nuclear densities
is at present justified only by the large number of experi-
mental results that can be reproduced in the framework of
Walecka’s model in this approximation. In what follows, it
will be this approximation that we shall use. In it, the
model describes the following set of facts in the framework
of a unified approach: a) the saturation property'® (see
also, for example, Refs. 28-35); b) in the high-density ap-
proximation, Zel’dovich’s ultrarelativistic limit*® for the
equation of state; ¢) the spin—orbit interaction in nuclei
(Refs. 15, 34, and 37-40); d) the energy dependence of the
real part of the optical potential.*'**

It should be emphasized that even the reproduction of
the saturation property, i.e., the fact that for infinite nu-
clear matter the correct binding energy per nucleon E/A
=—15.75 MeV at the “empirically observed” density
ny=0.19 fm~? is obtained, is an important result; the si-
multaneous description of a large body of experimental
data is an undoubted success of Walecka’s model.

We note now that if the scattering of two baryons in
free space is calculated using the ladder approximation for
the Bethe-Salpeter equation, then the interaction con-
tained in Walecka’s Lagrangian (b=c=0) can be replaced
by an equivalent potential in the momentum space:'®
o

2 —

Y 1(1)1(2)
V(@a=gy 7 o7

i =5 g +ms—in’
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where ¢;=(—q, q,) is the four-dimensional momentum
transfer, and 75> and 1* are matrices (1 is the unit
matrix) referring to the first and second particles. If the
baryons are assumed to be heavy and move nonrelativisti-
cally, then we can use the approximations

rrP 11D, g <]al,

which lead to a potential that does not take into account
retardation, does not depend on the spins, and in the co-
ordinate representation has the form

e~V e—ms"
) (6)

= (6

If g% > g3, this potential is repulsive at short distances;
if my>mg, then the potential (6) is attractive at large
distances. Thus, the interaction contained in (6) includes
the main features of the nucleon—nucleon potentials that
are responsible for saturation.

It is true that in (4) there is no one-pion tail. To some
extent, its absence can be justified by the fact that in the
case of 07 symmetry only scalar and vector fields can con-
tribute to the ground state in the Hartree approximation.

For the Lagrangian (4), the Euler-Lagrange equations

g J av 0
dp Ox*dp,

I
et

r

u=0, 1, 2, 3, €))
have the form (for b=c=0)
[V(id,—gvV,) —M—gso]=0, (8)
(O-m3)o=gsi, (9)

(O—m)) V= —g iy

In what follows, we shall be interested only in static
solutions; in this case the wave functions of the nucleons 1/,
(where A is a complete set of quantum numbers) and their

energies E; satisfy the Dirac equation introduced by
Duerr:

Expy=[a-p+ V() +B(M+S(n)]Ys, (11)

while the vector, ¥, and scalar, S, fields satisfy Klein—-
Gordon-Fock equations [S(r) =gso(r), V(r) =g, Vo(r)]:

(A—md)V(r)=—gin(r),

(10)

n(r)= ;m%ﬁ‘hz ;"a(lfpalz-i- Ix11%), (12)

(A—m3)S(r) =gins,

~

ns(r)= ;”MZAIP/I: ;nz( l@al>—=xalD),

(13)

where @, and y,, respectively, are the large and small com-
ponents of the bispinor. It can be seen from Egs. (12) and
(13) that the vector field V(r) is repulsive, and the scalar
field S(r) is attractive. We note that for infinite nuclear
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matter and in the ground states of even—even nuclei the
spatial components V"’ of the vector field are absent.

The properties of the ground state of relativistic nu-
clear matter were considered in Ref. 16. They can be ob-
tained from the Lagrangian (4) (we shall first consider the
Lagrangian without the self-interaction of the scalar field:
b=c=0). By virtue of isotopic symmetry, only isoscalar
fields are present in the ground state. The ground-state
properties are determined by the dimensionless parameters
M?*g%/m?. In accordance with Walecka’s model, 'S these pa-
rameters are

g5 g

Cy=M?=5=2669; C,=M>—5=195.7.

mg my

(14)

For these values, the equilibrium density of the ground
state is np=0.19 fm 3, and the binding energy per nucleon
is E/A=—15.75 MeV. The quasiparticle energy is'®*

Eix=g/Vote, e=+I, M=M+gew, (15)

where V) is the time component of the vector-meson field,
and I is the effective nucleon mass. The fields that form
the ground state have the form

g

gVV 6/,L0 —'2— h= 8;10 - 2 1Zl(,/l'}’d't/}k,i[ ’ ( 16)
my A \k|<kg
g &
8so= ——Sf ng=-—— > Prathon » an

Mg A,1k|<kg

where k and A4 denote the momentum and polarization of
the quasiparticle, and k is the Fermi momentum. The
sums on the right-hand sides of Egs. (16) and (17) include
protons and neutrons. Such sums are calculated in accor-
dance with the rule*¢

2

. - d’k
» %,Aod’k,,{=f 2—3—tr o(k+M),
A k| <kp k| <kp (27)
(18)

where O is an arbitrary operator, and k= 'r“ , k w(ep K).
Setting O=7*, we obtain the traditional express1ons for the
density (time component of the nuclear current):

Pk Plh+]) 2k
n= tr =W .

|k|<kp (27T)3 (7
Setting O=1, we obtain the following expression for
the scalar density:

f &’k . k+m
= |k|<sz§7T—)§ r €y

kp+ &+ D02
—g(kp,/kfv-kﬂkz—f)ﬁzln—i—b—ﬁi——). (20)

(19)

This is an equation for ng, since in accordance with
(15) and (17)

g5

932=M—;n—§ns. (21)
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FIG. 1. Dependence of the ratio /M (curve 7) and the density n (curve
2) on the scalar density ng.*

Solving Eq. (20), we obtain the dependence of ng and
M/M on the density n, which is shown in Fig. 1. It is very
important that the effective mass is a decreasing function of
the density.45 In the ultrarelativistic limit (z— ), M =0.
Indeed, as follows from (20), the ultrarelativistic scalar
density is

2

Nse ='??-S M=0.4025 fm~3. (22)
S

For ground-state density ny=0.19 fm‘3, we have

Ng=0.176 fm~3, %:o.sa (23)

Thus, the “observed” scalar density is almost half the
ultrarelativistic value. The significance of this fact is
manifested*® in the response of a system to weak external
fields. In such fields, virtual particle-hole pairs are excited.
In accordance with Eq. (15), the energy of such a pair

( Ik‘—kzl <kp) is
Epn=Ey >k, —Ex <k,

= VKi+T — i+ 20

kp
zm (ky—ky)

Yo
(%)t

eff

(24)
As can be seen from Eq. (24), the vector field does not
occur in E;, and, thus, the behavior of the system in ex-

ternal fields is determined solely by the scalar field through
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FIG. 2. Mechanism of three-particle forces due to exchange of a scalar
meson (wavy line).

the effective nucleon mass. Setting ky=1.42 fm~' and
M/M=0.56 in (24), we obtain the following value of the
nucleon velocity on the Fermi surface:

(V") ke 047
N eﬂ'_ ;/;F’i'imz_ o

which is not small compared with the speed of light c.

The terms (1/3)bo° and (1/4)ca® in (4) correspond
to allowance for the self-interaction of the scalar field (see
Refs. 19 and 47, and also Ref. 48, which is a study of the
influence of the self-interaction of the scalar mesons that is
inherent in the o0 model on the equation of state of a high-
density system of nucleons; in the o model, the term with
o corresponds to an attractive interaction, and the term
with o* to a repulsive interaction). We note that a relativ-
istic approach of this kind with allowance for self-
interaction is analogous to nonrelativistic calculations of
finite nuclei and nuclear matter using density-dependent
interactions.***® In particular, it was shown in Ref. 50 that
the two-particle density-dependent interaction

(25)

1 r{+r
via=g¢ t3(1+Pa)5(l'1—l‘2)n(¥) (26)
and the effective zero-range three-particle forces
Vi3 =08(r; —1r2)6(r;—r3) (27)

are equivalent in Hartree—-Fock calculations. The contribu-
tion of the three-particle forces (27) to the binding energy
per nucleon for nuclear matter is (Ref. 56) (1/ 16)t3n2, ie.,
15-20 MeV per nucleon.

On the other hand, as is shown in Ref. 51,1 a self-
interaction proportional to the third power of the scalar
field also leads to three-particle forces (Fig. 2) (the more
traditional mechanism of three-particle forces is shown in
Fig. 3; Ref. 51); its contribution to the expression for the
energy density is determined by the functional
(b/3V) [*dr (V is the volume of the system), which in
Ref. 5 was estimated by perturbation theory using as the
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FIG. 3. Traditional three-particle forces in nuclei.

field o(r) the solution of the problem in which only the
quadratic term is contained in the potential function U(0)
[see (4)].

Using also a short-range approximation, Barshay and
Brown’! estimated (without allowance for the quantum
corrections) the contribution of the three-particle forces
(Fig. 2) to the binding energy per nucleon for the normal
phase; the estimates were made using the parameters of the
omodel [(1/3)b=m%/2 f,, f,=95 MeV] and give a value
of approximately 15 MeV for the energy of attraction. This
value is too large. Such large three-particle forces must
significantly influence the properties of the triton, but it is
well known that the triton energy can be reproduced rather
well by means of two-particle forces obtained by fitting
nucleon-nucleon scattering and the deuteron properties. In
Ref. 52, some approximations in the calculations of Ref. 51
are noted, and it is pointed out that their elimination can
lead to a significant reduction in the contribution of the
three-particle forces. Thus, Barshay and Brown did take
into account partly the correlations’! but ignored the ex-
change terms altogether, whereas it is known>® that ex-
change terms alone in the absence of correlations at low
densities reduce the three-particle forces by a factor of 3/8.

It was shown in Ref. 54 that allowance for the quan-
tum corrections has the consequence that the three-particle
forces (Fig. 2) act only in the anomalous phase (in this
case, an anomalous state of Lee-Wick type'®!*>% occurs
at a density that is about an order of magnitude greater
than the normal density, but this state is not bound—the
energy of the “excitation” per nucleon is about 100 MeV).
Thus, at high densities a bound anomalous state can occur
only if large three-particle forces act in the normal phase.

Inclusion of the o* self-interaction gives an additional
repulsion. This leads to a decrease of the constant of the
coupling between the vector @ meson and the nucleon and
to better agreement between the compression modulus K
calculated in such a model and its experimental value.

In Ref. 19, Boguta and Bodmer made relativistic cal-
culations for infinite and semi-infinite symmetric nuclear
matter in the framework of the Hartree and Thomas-
Fermi approximations (in the case of infinite nuclear mat-
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ter, these two approximations are the same). The param-
eters of the model are the coefficients of o° and o*, the
constants of the coupling of the scalar and the vector me-
sons, and the mass of the scalar meson. These parameters
are chosen to describe the “empirical” properties of nu-
clear matter (binding energy per nucleon, density at satu-
ration) and the nuclear surface. The investigation in Ref.
18 was made in the approximation of a “mean field.” In
Ref. 2, the limits of applicability of this approximation are
discussed, and the role of correlations in Walecka’s model
is considered.

We mention also the many-body theory based on Wa-
lecka’s Lagrangian constructed in Ref. 57. This theory is
used to describe a high-density system of interacting bary-
ons at T=0. In Refs. 18 and 19, the relativistic field-
theoretical formalism of Green’s functions at 7=0 is used.

In order to determine whether or not the considered
model many-baryon system remains stable in the high-
density limit, a study was made in Ref. 57 of its collective
modes corresponding to microscopic vibrations of the den-
sity. In the high-density approximation, these modes are
determined by the vector interaction, and the spectra of the
collective modes corresponding to the density fluctuations
are given by the poles of the propagator of the vector me-
son. The relativistic plasma frequencies ) are given by the
expression Q2=g4k}/3m*& p, where & p=(ki+M?*)V2
The longitudinal mode consists of two branches, namely, a
high-frequency meson branch, which can be likened to a
traditional longitudinal plasma collective mode but with
frequency g,= (m3+Q?) 172" and a low-frequency acoustic
branch, which can be identified with zero sound.

The formalism of relativistic finite-temperature
Green’s functions was used in Ref. 58 (and also in the
more detailed study of Ref. 59) to calculate the equation of
state of baryonic matter interacting with scalar and vector
fields? (Walecka’s model). In Ref. 58, an equation of state
for any temperature and density of the baryons was ob-
tained; with increasing baryon density, this equation tends
asymptotically to the maximally hard equation P=¢ (¢ is
the energy density and P is the pressure); the quantum
corrections make the equation of state softer, i.e., they
make the ratio P/¢ smaller. It is noted in Ref. 58 that a
phase transition of the gas-liquid type takes place in the
system at low temperatures, the transition disappearing at
temperatures above a critical value 7,2 102 K.

In Ref. 61, the formalism of finite-temperature Green’s
functions was used to obtain an expression for the coeffi-
cient of thermal conductivity « of nuclear matter with al-
lowance for relativistic effects, which change the depen-
dence of k on the density n of the nuclear matter: In the
nonrelativistic approximation k ~n>>, while in the relativ-
istic approximation (at not too small n) k~n.

The answer to the question of the manner in which the
mesons interact with the nucleons in the nuclear medium
depends strongly on the density of the medium—at certain
critical densities, phase transitions can take place in the
medium (Refs. 47, 55, 56, and 62).
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2. RELATIVISTIC DESCRIPTION OF THE PROPERTIES
OF NUCLEAR MATTER. DETAILS OF
CALCULATIONS

We have considered above general properties of Wa-
lecka’s model. In this section, we shall dwell on some de-
tails of the relativistic calculations of the properties of nu-
clear matter in the framework of Walecka’s model or
modifications of it. In what follows, we shall consider the
results obtained in the framework of an analogous scheme
for finite nuclei. In this section, we shall use the mean-field
approximation, taking the Lagrangian (4) as our point of
departure.

We shall consider the results obtained in Ref. 27. An
advantage of this study was that its authors succeeded for
the first time in relativistic calculations in obtaining the
correct value of the compression modulus besides other
properties of nuclear matter as well as giving a good de-
scription of the ground states of spherical nuclei.

In the case of isoscalar nuclear matter, we obtain, us-
ing the Lagrangian (4) and the functional U(o), the fol-
lowing equations for the vector and scalar fields:

au
—%=gsns, (283)
myVo=gyn; (28b)

at the same time, the nucleon field satisfies the Dirac equa-
tion (11), the effective mass of the nucleon is determined
by the expression (15), and the densities ng and n are
determined by Egs. (12) and (13).

The equation of state of nuclear matter is given by a
parametric form, the energy density being determined by
the expression

¢y

e=3 37

#4 U(0) 4 s fkp k(K +M2)2,
(2m)° Jo .

and the pressure P= n*(de/n)/dn by

1c2,,2 1 4 KE oo s
P=—2—Wn —U(0)+§ (277_)3 fo d k (k%) :
(30)

From the equation of state, we can readily obtain an
analytic expression for the compression modulus:

(31)

where n; is the density corresponding to saturation. For
the bulk modulus, we also have

I 3 2 o Mny OM
g K=+ 32) "0t G In=re- e

From the self-consistency equations (28a) and (15)
we obtain

M M 3n 310U 13U\7!
Fri (7+g—sﬁ$—g—g W) (33)

for
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It should be emphasized that all the quantities in Eq.
(32) are calculated at the saturation point.

The equation of state, Egs. (29) and (30), the com-
pression modulus, and Egs. (32) and (33) depend, as in
the case of the Walecka model itself,'® on the dimensionless
parameters C*= (g/m,)*M* (i=S, V), but also on the co-
efficients of o° and o* in the functional U(c). It is also

convenient to introduce the two dimensionless
parametersz“'m’27
b=b/Mgy, E=c/gs (34)

which are related to the coupling constants of the other
calculations®""?® by the equations

b=3A/2C3%, c=p/2C% (35)

(36)

b= —bggg, C=cpsa>

where the subscript BGG corresponds to Refs. 21 and 23.
At the same time, it is possible to obtain the key equa-
tion

MY (R—M)/Cs+bM (M—M)*+E(M—M)*=—ns,
(37)

which relates all the dimensionless parameters of the con-
sidered problem.

Thus, the nonlinear o model, augmented by the vector
meson, contains four dimensionless parameters c§, Cay, b
and three quantities—the energy density (29), the pressure
(30), and the compression modulus (32)-(37), each of
which, obviously, depends on the effective mass i, deter-
mined by Eq. (37).

In order to reproduce the saturation property of nu-
clear matter,

e/n—M=—a,

P=0 (38)

for kF=k}0) (or n=ny),
where a; and n; are the empirical values of the binding
energy and the density, and also the compression modulus
obtained from data on giant monopole resonances,

K=K, , (39)

certain restrictions must be imposed on the existing param-
eters. However, it is obvious that additional information is
needed for the unique determination of the four dimension-
less parameters. We shall discuss this question below.*’

Symmetry energy

The first possibility is associated with calculating the
coefficient of the symmetry energy. To this end, we must,
in addition to the isoscalar, scalar, and vector fields, also
introduce an isovector vector meson field b,. For this, we
must add to the Lagrangian (4)

8, =3m3b,b* —1B,, B — gy, 0" (40)
with
B,,=3,b,—0d.b, .
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Actually, in the mean-field approximation for nonsym-
metric nuclear matter the entire contribution of the
b-meson field is associated exclusively with its time com-
ponent (£=0), and in the equation of state both the en-
ergy density and the pressure will include the term

Ciris

2M2’ (41)

where C,=g,(m,/M) ", m, is the mass of the isovector
vector meson, and n3=n,—n, is the difference between the
proton and neutron densities. Then the coefficient of the
symmetry energy is readily calculated®®®* and can be ex-
pressed as the sum of a “kinetic part” and an isovector
contribution:

(2)
a4=(a£”+a§2))=llff—+1£2%n. (42)
6 v 8M

This quantity must be fitted to the corresponding co-
efficient of the semiempirical mass formula.

However, one of the defects of such an approach is that
a new dimensionless parameter appears in nuclear matter:
C;,. Thus, the additional restriction associated with the
need to reproduce the symmetry energy led to the appear-
ance of a new parameter. Usually, the problem is solved by
identifying the isovector meson b with the p meson, and its
coupling constant is determined from the decay p— 2.
However, this procedure was not regarded as very well
founded in Ref. 27. The fact is that some authors treat the
coupling constants Cg and Cj of the scalar and vector
mesons as effective, using them as free parameters. On the
other hand, the p meson is introduced into this scheme
with the vacuum values of the parameters. However, it was
established that on the transition from nuclear matter to
finite nuclei the vacuum value of the p-meson coupling
constant is too small. An additional fitting of a constant is
needed to obtain the correct value of the isobar-spin
potential.® In this case, it is better to treat C, as a free
parameter like Cg and Cj and to fit a4 to the empirical
value, varying C, as necessary. Such a point of view was
adopted in Refs. 21, 27, 66, and 67. It gives a certain
freedom in the choice of the coupling constants, since there
are five dimensionless parameters and four restrictions.
This point is important in reproducing the isobar-spin po-
tential for nuclei with N5~Z.'

Surface energy

The last important quantity for nuclear matter that we
must consider?’ is the surface energy. This is of special
interest for the transition to the problem of finite nuclei. In
principle, to solve this problem one should start with the
volume density of the total energy and calculate the surface
tension. Then the coefficient of the surface energy can be
written in the form

a2=4m5f°° Az, (43)

e(n)— (?) n(z)
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TABLE I. Properties of symmetric nuclear matter and dimensionless coupling constants in the linear
model for different choices of the density at saturation (binding energy at saturation E/4=15.75

MeV).
Reference | kpfm=' | n fm™> cg c} M K, MeV

[16] 1,42 0,1934 266,90 195,70 0,556 544
[27] 1,34 0,1625 323,64 244,53 0,546 546
[67] 1,325 0,1571 334,75 254,08 0,545 545
166] 1,30 0,1484 357.47 273,87 0,541 541
125] 1,29 0,1450 366,99 282,15 0,539 539

where r, is related to the density n, corresponding to sat- K, =(210+30) MeV. (47)

uration in nuclear matter, and the density n(z) varies only
along the z axis. The calculation can be made in the ap-
proximation of a local density, as in Ref. 19, with allow-
ance for the contribution of the nonlinear o terms. The
complexity of the calculation in this case is practically the
same as in the case of finite nuclei. At the same time, ()
can be represented as the sum of a volume part and a
gradient term, which arises from the expansion of the ki-
netic energy. The density profile is found by minimizing
the surface tension.

.To avoid a nonrelativistic reduction of the energy den-
sity (which may lead to ghost errors), the surface energy
was determined as follows in Ref. 27. If a restriction is
made for the case of nuclei with N=Z without allowance
for the Coulomb interaction, then for the total energy per
particle for a given nucleus we have the expression

E/A=—a;+a,A""*+a,A=3, (44)

where aj; is the coefficient associated with the curvature of
the surface. In principle, calculations must be made for
very large hypothetical nuclei in order to eliminate shell
effects and effects due to curvature; in this case, the coef-
ficient @, has the form

a,= lim (E/A+a,)A"3. (45)
A-

However, since finite N=Z systems were considered in
Ref. 27, approximate values of the coefficients a, and a,
were obtained, and the shell effects were taken into account
in accordance with Ref. 68.

In the consideration of finite systems, the calculated
quantities will depend not only on the dimensionless con-
stants Cs, Cy, Cp, b, T but also on the meson masses. This
leads to the appearance of two new parameters: mg and m
(and also m,, the mass of the isovector vector meson, in
the case of N5£Z nuclei). As a rule, the vector meson is
identified with the » meson, and the isovector vector me-
son with the p meson. Since the scalar meson is identified
with the hypothetical o meson, its mass remains an adjust-
able free parameter.

In Ref. 27, the following equilibrium properties of cold
nuclear matter were chosen for fitting the parameters:

a;=+15.75 MeV,

ki’ =134 fm~' (np=0.1625 fm=°). (46)

The compression modulus was taken to be®
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The symmetry energy and surface energy per particle
were chosen in accordance with the semiempirical esti-
mates

a4=33 MeV, a,=18 MeV. (48)

The values of the masses are taken equal to the exper-
imental values M =938.9 MeV (the mean value of the neu-
tron and proton masses), m ;=783 MeV (» meson), and
m,=770 MeV (p meson). Thus, in the study of Ref. 27
there are five dimensionless coupling constants, Cs, Cy, b,
¢, which are not related by any restrictions, and the con-
stant C,, which is chosen in order to obtain the correct
value of the symmetry energy. As regards the mass of the
scalar meson, we note that this mass determines the range
of the interaction and also influences the nature of the rate
of decrease of the nuclear characteristics in the surface
region. 556670

In the study of the properties of nuclear matter, this
parameter will be important only in calculation of the sur-
face energy. However, it will have a radical significance in
calculations of finite nuclei.

Before we turn to the consideration of the results in the
nonlinear o model, we note?’ that a comparison of the
different calculations is somewhat difficult because whereas
all authors take the binding energy in nuclear matter to be
~16 MeV, the Fermi energy corresponding to saturation
is, unfortunately, chosen differently in different calcula-
tions. For this reason, to have an approximate picture of
the scale of variations on the transition from one calcula-
tion to another, Table I gives for the case of the linear o
model (b=&=0) the values of the effective nucleon mass
and the compression modulus for different choices of the
saturation density (Refs. 16, 25, 27, 66, and 67). It can be
seen from the table that whereas the dimensionless cou-
pling constants Cg and C), differ rather strongly, neither
IM/M nor K differ by more than 3%. Table I can be helpful
in the comparison of the results obtained by different au-
thors.

We note the following important circumstance. 'For
any value of the compression modulus KX, the coefficient ¢
can be either positive or negative. This means that if we
require rigorously that the coefficient of o* be positive
(without contemplating a possible renormalization by vac-
uum fluctuations®), then it is necessary to take a small
value of C, and, therefore, a large effective mass in order to
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obtain a sensible value of the compression model. This can
be stated in the equivalent form: If it is required to obtain
a smaller value of the effective mass (/M =0.7-0.8),
then a positive value of ¢ leads to a compression modulus
K=280-300 MeV. Just such a choice was made in Refs. 21
and 23 in the investigation of pion condensation. However,
if it is assumed that the sign of ¢ is free (as was done in Ref.
27, in which densities in the neighborhood of the saturation
density n, were considered ), then the best fitting associated
with obtaining small values of K comparable with K (47)
is achieved for a negative value of the coefficient ¢. If the
effective mass is specified in the interval 0.55<I/M <0.70,
then small values can be obtained for = —3-107".

It is also important to note that for a reasonable value
of K the coefficient b is always negative, i.e., leads to a
repulsive interaction ~o°. The calculation made in Ref. 27
shows that ¢ becomes negative when X is less than ~ 300
MeV (if one does not permit too large values of the effec-
tive mass). Thus, in the region of physical interest the
coefficients b and ¢ have the same order of magnitude,
namely, in the range from —3-1073to —5- 1073

In Ref. 27, the best fit was obtained with a negative
value of the coupling ~o*, and this does not correspond to
general theoretical ideas (see the previous section, and also
reviews of the properties of chiral models, in particular
Refs. 51, 55, and 56). However, it is a fact that single-loop
meson fluctuations’! were not taken into account in Ref.
27. In Ref. 71, it is assumed that allowance for such fluc-
tuations leads to a positive value of the coefficient ¢. By
virtue of this, the calculations made in Ref. 27 should be
regarded as phenomenological and as having value at den-
sities corresponding to saturation.

We also make some comments concerning the coeffi-
cient a4 of the symmetry energy at saturation. Its first part
ai!, corresponding to the contribution of the kinetic en-
ergy, depends only on the effective nucleon mass and is
equal to 20 MeV for M/M=0.6. The second part a{?
corresponds to the contribution of the b meson, and at
saturation it depends only on the coupling constant g,.
Therefore, if the effective mass is chosen, then the constant
C, is fitted by reproducing the empirical value of the coef-
ficient a, [Eq. (48)]. In the region 0.55<M/M<0.70 the
result obtained in Ref. 27 was 75<C§<100, i.e., a value
larger than is obtained on the basis of the p—2m decay,
which gives Ci=54.71 (Ref. 63). This range of values is
comparable with the one that is used to calculate finite
nuclei in Ref. 66.

In conclusion, we discuss the fitting of the coefficient of
the surface energy. This is very important in reproducing
the properties of finite nuclei. As we have already noted,
the coefficient a, (and a;) depends strongly on the dimen-
sionless coupling constants, and also on the mass mg of the
scalar mgson. The calculation of Ref. 27 shows that a small
IM/M is needed in order to reproduce the empirical value
given by Eq. (48).

Calculations for nuclear matter show that it is better to
take small values of the effective nucleon mass, the meson
mass, and the compression modulus.?’ (This corresponds
to a general result, in accordance with which the surface
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energy is approximately proportional to J]?, and it is also
in agreement with the result®®®’ of a linear model, in which
the calculated large values of K are associated with a too
large value of a,.)

To conclude this section, we note that after the publi-
cation of the papers of Lee and his collaborators®>*%"
there was a considerable growth of interest in the investi-
gation of chiral models in the description of the structure
of nuclear matter and finite nuclei (Refs. 51, 54, and 73—
80).

From the theoretical point of view, chiral symmetry
ensures that there are important restrictions on strong-
interaction processes not only in empty space but also in a
nuclear medium. In particular, in Refs. 54, and 74-80 it is
emphasized that chiral models can include a new treatment
of the saturation mechanism of nuclear matter. These stud-
ies consider the consequences of invariance of the Lagrang-
ian describing interacting meson and baryon fields with
respect to the chiral transformation in addition to the usual
isotopic invariance. There exist different realizations of chi-
ral symmetry (see, for example, Refs. 72, 77, and 81). In
Refs. 79 and 82-84, the authors make a restriction to the
realization of chiral symmetry in various versions of the
o—-o model. This makes it possible to establish the corre-
spondence between the chiral approach and the Dirac phe-

nomenology for nuclei. In Ref. 82, a chiral model that

ensures saturation of nuclear matter was proposed (see
also Refs. 83 and 84).

3. RELATIVISTIC SELF-CONSISTENT SHELL MODEL

We consider the problem of reproducing the properties
of the ground states of nuclei in the framework of a rela-
tivistic Hartree approximation. Such a problem was solved
in the studies of Refs. 20, 27, 28, 35, 37, 66, 67, 85, and 86
(see also the reviews of Refs. 1 and 6). In this review, we
shall consider only spherical nuclei. The main features of
the description of deformed nuclei in a relativistic theory
can be found in the review of Ref. 7.

In the studies of Refs. 28, 35, and 37, the point of
departure was potentials of one-boson exchange type, while
in the studies of Refs. 14, 20, 27, 66, 67, 85, and 86 the
authors used Walecka’s model or various modifications of
it, in particular the one proposed in Ref. 19.

It should be emphasized that every relativistic self-
consistent calculation of finite nuclei must be accompanied
by a preliminary fitting of the parameters of the model for
nuclear matter. This is one of the reasons for the detailed
treatment of the properties of nuclear matter in the rela-
tivistic theory in the previous section. Some of the authors
in their calculations of the nuclear ground states did not
take as their point of departure the saturation properties of
infinite nuclear matter. This is the reason why the coupling
constants that they used led to incorrect properties of nu-
clear matter and incorrect density distributions in finite
nuclei.

The studies of Refs. 27, 66, 67, 85, and 86 are free of
this shortcoming. The results of Refs. 28 and 37 were dis-
cussed in detail in the reviews of Refs. 3 and 11. In this
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review, we shall consider in more detail the results of the
more recent studies of Refs. 27, 66, 67, 85, and 86.

Augmenting the Lagrangian (4) with the isovector
vector meson [see (40)], and also taking into account the
interaction of the protons with the electromagnetic field for
the ground state of spherically symmetric even—even nu-
clei, we obtain the following system of coupled Euler-
Lagrange equations:?’

{—ia-V+yo[M+gso(r)]+gyVo(r)
+3 873bo(r) +3 e(1+413)Ao(r) W=EY,

where 73= 41 for protons, by(r) is the time component of
the isovector vector field, and 4y(#) corresponds to the
electromagnetic field, and

(49)

d*o(r) 2do(r) 9U(r)

7R R M e =gsns(r), (50a)
d*Vy(r) 2dVy(r)

S (0 =—gm(n,  (50b)
d*by(r) 2 dby(r) 1

Tt —miby() =3 gms(r),  (50)
d’4 2dA

d:gr)ﬁ gfr)=‘e"p(')- (50d)

In Egs. (50), the sources are time-independent spher-
ically symmetric densities:

. 2 2
2./a+1 Ga+Fa

npn(r)= ) (51a)
patr)= 3 et I :
occup
n}(r)=np(r)_nn(r), (Slb)
n(r)=n,(r)+n,(r), (51c)
2j,+1G>—F2
ns(r)= 2. -, (51d)
S anp 41
occup

where the large, G,, and small, F,, components of the
wave function are determined by the bispinor

L( Ga Q 52
a=7 (z‘Fao--f' ar (52)
where Q, (a=n, I, j, m) are the spin and angular de-
grees of freedom. They satisfy self-consistent coupled
Dirac-Hartree equations (we omit the index a for simplic-
ity):

dG G
Z+K7= (E+M+S—V)F, (53a)
dFF
E—K7=(M—E+S+ V)G, (53b)

with scalar potential
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S=gso(r), (54)

whereas the vector potential contains contributions of dif-
ferent components:

V=gyVo(r) +3738bo(r) +3(1+73)edo(r). (55)
We can then write, using obvious notation,
Uy+Ugr+U, for protons, (56a)
“|u y—Ug for neutrons. (56b)
In Eq. (53),
k=—(14+1-0)=a(j+3), (57)

where @ is determined from the relation j=/—3a@.

In Eq. (49), E=M +¢, where ¢ is the separation en-
ergy. In the mean-field approximation, the total nuclear
energy of the Lagrangian (4), (5), and (40) is given by"(’

1
Egy= e(zja+1)—5fdr gsns(r)a(r) —2U (o)

a,n,p
occup

au 1
+o(r) 90 T8v¥o(rn(r)+3 ggbo(r)ns(r)

+edo(r)n,(r) . (58)

The upshot is that, to describe the ground-state prop-
erties of the even—even spherical nuclei, we have a system
of coupled nonlinear differential equations, which must be
solved iteratively. Before we give the results of self-
consistent calculations, we note some general properties of
them.?” The mean-square nuclear radius does not depend
strongly on K. However, this is not so in the case of the
binding energies. This is reflected in the fact that on the
transition from K=210 to K=350 MeV the surface energy
a, increases and, therefore, the binding energy decreases.
The spin—orbit splitting increases with increasing mg but is
practically unchanged by variations of K.

The calculations made in Ref. 27 reveal the following:

a) To obtain reasonable values of the mean-square ra-
dii, the mass mg of the scalar meson in the present theory
must be taken to be ~500 MeV. Since the nuclear radii are
intimately related to the saturation density in nuclear mat-
ter, the assertion just made is in agreement with the choice
in Refs. 66 and 67, in which myg is taken equal to 525 and
500 MeV for ny=0.1484 and 0.1571 fm 3, respectively.

b) To obtain a value of the compression modulus close
to the experimental value, a small nucleon effective mass It
in nuclear matter is needed. Otherwise, the calgulations
lead to binding energies per particle that are too low. For
example, for K=210 MeV and /M =0.55 the binding
energy is approximately the same as for K=280 MeV and
/M =0.65. The main difference between these two cases
confirms the spin—orbit splitting. (We are referring here to
the '%0 nucleus and the 1p,,-1p3,, spin—orbit splitting. )
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TABLE II. Parameters of the nonlinear model (two possible sets are presented). The masses of the
vector mesons are fixed: m,=783 MeV (@ meson), m,=770 MeV (p meson). The quantities in the
brackets correspond to the coupling constants g2/4 for i=S, V, b (Ref. 27).

: 2 2 ~2 -
Set Cq C, c, b c mg, MeV
1 305,53 200,00 83.56 -0,002353 | —0,002857 470
(6,09) {a,0m (4,47)
Il 353,89 238,58 73,94 -0,002165 | —0,003142 485
(7,51) (13,20) (3,96)

In summary, reasonable properties of the nuclear
ground states are to be expected when the mass of the
scalar meson is chosen in the neighborhood of mg=480
MeV.

c) In Ref. 27, the problem of finding an optimal pa-
rameter set was not posed. Various possible sets that lead
to approximately the same properties on the transition
from nuclear matter to finite nuclei were found. Table II
gives two possible sets of dimensionless coupling constants
chosen in Ref. 27 to represent the results of the calcula-
tions.

Table III gives the nuclear-matter parameters dis-
cussed in the previous sections for the two sets of param-
eters.

The interest in set I is related to the value of the effec-
tive mass, but this set leads to excessively small spin—orbit
splittings of the levels, as was noted above. Set II gives a
better value of the compression modulus but an excessively
small value of M compared with the effective nucleon mass
in the standard model of Walecka.

Table IV shows?’ the single-particle spectra for the
160, ¥0Ca, and **Ca nuclei. The spectra are compared with
the experimental values. The level positions are predicted
fairly well by the model, but in these calculations (with the
parameter set I) the spin—orbit splittings are found to be
approximately 20% smaller than the experimental split-
tings. This is due to the use of set I, for which the effective
nucleon mass is M=0.62M. The calculations made with
set II give better agreement with experiment (see Ref. 27).
It is obvious that the spin—orbit splittings are described
better in the theory with the smaller value of the effective
mass.

In Ref. 27, particular attention was devoted to com-
parison with experiment of a global property such as the
total binding energy per particle. The reason for this is that
in Ref. 27 the coefficient a, of the surface energy is repro-
duced rather well. In the comparison of the nuclear bind-
ing energies with experiment, the corrections for the
center-of-mass motion from Ref. 87 were taken into ac-
count. The results of the calculations and the experimental

values of the binding energies per particle for different nu-
clei are presented in Table V. The agreement between the
theory and experiment is very good, but it is clearly better
for set I than for set II. However, it is also obviously nec-
essary to compare the mean-square radii before making a
final assertion that there is good agreement between the
theory and experiment.

The final value, including the correction for the center-
of-mass motion, for each of the parameter sets must be
compared with the experimental value.

Table VI gives the neutron and proton radii, or, rather,
(PYV2— (rﬁ)” 2, and also the charge radii.

It can be seen from Table VI that the mean-square
radii are reproduced very well. In Ref. 27, the charge den-
sity distributions are given for the same nuclei. There is
good agreement with experiment. In particular, the de-
crease of the density at the nuclear surface is well repro-
duced, but, of course, this is not surprising, since the sur-
face energy is reproduced rather well in Ref. 27. The
calculations in Ref. 27 were made for two parameter sets.
It is clear that set I reproduces the nuclear surface better.
This means that in the considered theory it is difficult to
reproduce well the distribution of the charge density for a
compression modulus less than K=280 MeV.

Summarizing the discussion of the results of Ref. 27,
we note that the introduction into the theory of nonlinear
terms associated with allowance for the self-interaction of
the scalar field improves the results of the linear model%6%”
and the agreement with experiment. However, allowance
for these new degrees of freedom is not sufficient. In par-
ticular, the level density near the Fermi surface is found to
be too low, this being a consequence of the small value of
the effective nucleon mass in such an approach. Allowance
for exchange Fock terms leads to an effective mass that
depends on the state, and this can improve the agreement
with experiment (see, for example, the studies of Ref. 88,
in which calculations were made of the single-particle mag-
netic moments for nuclei with closed shells plus or minus
one nucleon).

We note that in Ref. 89 the Lagrangian (4), (40)

TABLE III. Pfoperties of nuclear matter obtained in the nonlinear model with the two parameter

sets of Table II.

Set |k fm~'| a,.MeV| a,, MeV| a,, MeV| a,, MeV| K,MeV | Jl/M
1 1,34 15,75 18,5 9 33 280 0,621
11 1,34 15,75 18 7 33 245 0,556
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TABLE IV. Fermi surface spectrum for neutrons and protons for the nuclei '°0, “°Ca, **Ca obtained

with the parameter set I. The experimental values are taken from Ref. 87.

|60 40(:a 48Ca

Nucleon| protons neutrons protons neutrons protons mneutrons
states Itheor.| exp. |theor.| exp. |theor.| exp. |theor.| exp. |theor.| exp. |theor.| exp.

lsl/l 35,2 |40+8 | 39,1 47 44,8 |50+11| 52,2 50 49,6 | 55+9| 53,0

1p,,,| 17.4 | 18.4 | 210 | 21.8 | 303 373 | 30 | 36.6 38,6

34+6 35+7

l[,‘ll/2 12,7 | 12,1 | 16,2 | 15,7 | 26,8 33,8 27 33,8 36,0
lds/2 16,1 | 15,5 22,7 (21,9229 20 | 24,3 16
25”2 11,2 1109 | 17,7 | 18,2 | 16,6 | 15,8 | 19,5 | 12,4
ld:,/2 10,8 | 8,3 17,3156 | 18,0 | 15,7 | 19,6 | 12,4
10,7 | 9,9

(without allowance for the terms nonlinear in the o field)
was used to investigate the role of the p-meson field in the
description of the properties of nuclei far from the stability
line. These nuclei have neutron number N differing
strongly from the proton number Z. For this reason, the
isovector vector meson can play a very important part in
the considered problem. In Ref. 89, either the approxima-
tion of a local density or the relativistic Hartree approxi-
mation was used. The dependence of the boundary of qua-
sistable nuclei in the Z, N plane on the parameter
gf,(M/mp)2=Cf, was investigated. This dependence was
found to be very sensitive to the value of Cf,. The authors
of Ref. 89 established that the stability line corresponds to
the experimental results for Cf,~46.

In Ref. 89 it was also established how the radii of the
proton, r,, and neutron, 7, distributions in the nucleus
change as the number of neutrons is increased or decreased
from the value corresponding to the stable nucleus. It was
found that the proton radii , follow the neutron radii 7,.
This type of behavior is insensitive to the value of C.

We also briefly discuss one of the problems of the the-
ory considered in this section. This is the problem of cor-
rect allowance for correlation effects. A general scheme for
taking them into account was discussed, for example, in
Ref. 45, where, in particular, it was noted that exchange
effects are automatically contained in the correlation ef-

TABLE V. Binding energies per particle (in MeV).

fects, and for this reason they should be taken into account
simultaneously. It was also noted in Ref. 45 that the cor-
relation effects are determined by the parameters of the
mesons in the nuclear medium. The fact is that the meson
polarizes the nuclear medium, and its properties in the
medium are not the same as in the vacuum.

Chin®” noted that in the nuclear medium the scalar and
vector mesons become heavier. This effect is most clearly
expressed for the 7 meson. This was demonstrated in Ref.
45. The fact that the mesons are heavier in the nuclear
medium could be the reason for the weakening of the cor-
relation effects in nuclei.

In this review, we shall not dwell on the description of
the properties of deformed nuclei in the framework of rel-
ativistic theory. This description is discussed in detail in
Refs. 90 and 91, and also in the review of Ref. 7, where it
is shown that models with nonlinear self-interaction repro-
duce the properties of deformed nuclei; in Ref. 92 the ex-
tension of the results obtained for even—even deformed
nuclei®®®! to the case of A-odd nuclei (near nuclei with
closed shells) is considered. In Ref. 92, the problem is
solved in the mean-field approximation with and without
allowance for self-interaction of the scalar field.

The problem of the isoscalar magnetic moments of
A-odd nuclei is also considered in Ref. 92. The simplest
shell model describes such nuclei in the form of a spherical

Method of determination %o 4OCa “8Ca zr 208py
Experiment 7.98 8,55 8,67 8,71 7,87
Correction for 0,61 0,20 0,18 0,08 0,02
.c.m.s. motion
Set I 6,68 8,07 8,15 8,55 8,21
Final value 7.29 8,27 8,31 8,63 8,23
Set I
Set I1 7,14 8,35 8,54 8,84 8,49
Final value 7.85 8.55 8.72 8.92 8,51
Set 11
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core with closed shells, the valence particle determining
the magnetic moment of the nucleus. In the framework of
such a model, the nonrelativistic theory reproduces the
“Schmidt line.” However, in the relativistic case, because
of the small effective nucleon mass in the medium, the
single-particle current of the valence nucleon is increased
by a factor M/IR in relation to the nonrelativistic current,
and this leads to a pronounced difference of the calculated
isoscalar magnetic moments from the Schmidt values. The
absence of agreement between the relativistic predictions
and the experimental magnetic moments is related to the
appearance of large relativistic potentials in the nucleus.
This problem of the magnetic moments has been the sub-
ject of many investigations in recent years. The solution of
the problem is associated with the fact that the simple shell
model gives a poor description of the current correspond-
ing to the self-consistent Hartree ground state of an 4-odd
nucleus. The fact is that the valence nucleon in such a
nucleus is the source of new meson fields, and the response
of the nucleons of the core to these fields cannot be ignored
in the calculation of the resulting current. In the relativistic
case, the result is obtained with compensation of two
effects—the enhancement of the current of the valence par-
ticle by the low effective nucleon mass and the contribution
of the additional current of the polarized nucleons of the
core (see Refs. 22-25, 64, and 93-96). This fundamental
fact has important consequences for A hypernuclei. In this
case, the enhancement of the current of the valence hy-
peron is not completely compensated by the contribution
of the core, since the mass of the A hyperon and its cou-
pling constant differ from the nucleon values.”’ It should
be noted that since the A is an isoscalar particle, the results

J

for A hypernuclei are relatively free of the uncertainties
inherent in isovector currents. Moreover, the single-
particle A-hyperon current does not contribute to the mag-
netic moment of the hypernucleus (the A is a neutral par-
ticle), and therefore the Schmidt value in the hypernucleus
is entirely associated with the anomalous moment of the
hyperon, and the nonvanishing current of the polarized
core is the source of an appreciable deviation from the
Schmidt value. These differences of the relativistic and
nonrelativistic descriptions can serve as a test for compar-
ing the different approaches.”>”® At the present time, it is
assumed that the study of nuclear currents and, in partic-
ular, magnetic moments can provide a possibility for
choosing an adequate theory.

Various aspects of the interaction of anitprotons with
nuclei in relativistic models were considered in Refs. 98—
100.

4. VECTOR DOMINANCE AND THE COULOMB
NUCLEAR POTENTIAL

In the nucleus, there is, besides the vector and scalar
meson fields, the Coulomb field. As is well known, the
nucleons are not point particles, and therefore to construct
the Coulomb field of a nucleus it is necessary to take into
account the electromagnetic form factors of the nucleons.
In Ref. 85, this was done on the basis of Sakurai’s vector-
dominance model,'®! in the framework of which the nucle-
ons interact with the electromagnetic field through the
fields of the p and  mesons (Fig. 4). The Lagrangian of
the relativistic shell model with allowance for vector dom-
inance has the form*

- = fo - So - 1 1 1
g=W‘(lap_gwmp_t3gppp)¢_¢(M+gSa)¢—m l/}a#va,v'/’_tél 4Tp{ ¢0”vpuv¢+5 6#08"0——5 m.zS‘UZ—Z wu,\["u,v

r 1 Lo 1, 1 L 1/[e
+3 mwwﬂa)“—zp“,vp"' +§mpp‘,p"—zA#’vA#' +3

where w,, p,, 4 , are vector fields (meson and electromag-
netic); w,,=d,0,—3d,0, with analogous exgressions .for
Puyand 4, .; 8., 8, and e are the corresponding coupling
constants; and o and g are the scalar field and its coupling

TABLE VL. Nuclear radii 7,=(r;)'/? (in fm).

2m? ) em2 em
p ® P @
—gz—+—gz— A AP ——A4,p———A4,0",

2

(59)
P

constants. For the vector fields, the tensor coupling with
the nucleons, o*¥'= (1/2i) (¥'y'—v*¥"), is also taken into
account.!” It will be shown below that the constants f,, and
S, can be expressed in terms of the anomalous gyromag-

Method of determination 150 OCa ACa zr 208pp
r.=r, Experiment 0,00 0,03 0,20 0,13 0,16
Set I -0,03 -0,05 0,20 0,10 0,23
Set 11 -0,03 -0,05 0,20 0,09 0,23
r,  Experiment 2,73 3.48 3.47 4,27 5.50
Set I 2,74 3,45 3.47 4,25 5,49
Set II 2,75 3,48 3,48 4,27 5,53
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wS P

FIG. 4. Interaction of the electromagnetic field with point nucleons (a)
and in the vector-dominance model (b).

netic ratios of the nucleons. It is readily verified that the
Lagrangian (59) is invariant with respect to the gauge
transformation

n 1
1/,' =e_1(2+13)¢.¢,’ w“"=a)ﬂ+g—' a“¢’
o
1 1 (60)
p;=p,,+§; 0,®, A,=4,+-9,%,

where t, is the z component of the nucleon isospin, equal to
+1/2 and —1/2 for the protons and neutrons.

By means of the usual Euler-Lagrange scheme, we
obtain from (59) the system of coupled equations

i f“’ v
W(lay_gwwu—tfigppu) “aM ot Dp,y

t;{Ma"“'pﬂ,, M—ggo | =0, (61)
(— 8,0 —mg)o=gsi, (62)
v, f“’ v, m2
(—8,0*—ml)o*=—g, Py V+5ar 3, (Po* ¢)—T
(63)
(—aﬂa“—mf,)p"
f 2
= —g 7"t + 357 0. (B0 ts9)) — g”AV, (64)
P
36‘“ e2m e2m e em2 em2 65)
(-] P,

Thus, the electromagnetlc ﬁeld has as its source the
vector meson fields, one of the sources of which is, in turn,
the electromagnetic field.

The relativistic shell model'®?? is based on replacement
of the operators of the nucleon currents on the right-hand
sides of Egs. (62)-(64) by their expectation values in the
ground state of the nucleus. Only the time components of
the fields (v=0) are nonzero, since there are no spatial
components of the currents in the ground states of even—
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even nuclei. The fields are static, since in the absence of
external fields the nuclear densities do not depend on the
time. Therefore, in what follows we shall be interested in
static solutions of Eqgs. (62)—(65).

In this case, Eqs. (61)—(65) take the form

i
E¢= a .p+gw : w0+t3gpp0—m Y(fwvwo

+13/ ¥ po) +70(M +g50) |9, (66)
(A—m2)o=gsng, (67)
fo em’,
2 e
(A—mw)wo— gw 2M VJ(Y zgw AO ’ (68)
(A—mb)p 1gn Lo Z Vi — mf’A (69)
- 0= "5 3 0>
P 2°P7° T AM g
ezm em, emf, em?, )
? ? gp Po— 2gm g ,

where n=n,+n, and ny=n,—n, are the isoscalar and is-
ovector density distributions of the nucleons over the nu-
cleus; j, and j{~ are the isoscalar and isovector spin cur-
rents, determined by the relation

Jo=i(Ya)
(the symbol (...) denotes an average over the ground state
of the nucleus).

We shall show that the fields wg, py, and 4, have Cou-

lomb asymptotic behavior. To this end, we rewrite Eqgs.
(68) and (69) in the form

(71)

8o So
wo= —zﬂ+2_M—7VJa+2g Ao+;wao, (72)
8 fo ooy © 1
Po mﬂ:;—m‘iv.]a +g,,A°+;,E, Apg . (73)
Substituting (72) and (73) in (70), we obtain
efp
Al Ag+— po+— ) (—)
(0 gpPO 2g(o 4M
efo .
~ ot Vi (74)

Since A(1/r) =0, we see that Eqs. (72)—(74) for >R,
i.e., far from the nucleus, have the solutions
a ea 1 eal

Ap=7, wo= 2. PTg

The constant a can be found by integrating both sides
of Eq. (74) over the volume of a sphere whose radius is
much greater than the nuclear radius. In this way, we ob-
tain

ea=Z7Z 2(1+;+§-)_1.
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Bearing in mind that g./4w=2.575, g./4m=14.059
(see below), we obtain

P
+-—=0.003, 77
g 4
i.e., the contribution of the 4p and Aw interactions to the
charge is only 0.3%.
The vector fields of the nucleus can be divided into the
Coulomb and nuclear components:

wo=woc+Don:  Po=pPoct Pon > (78)
which are determined by solving the equations
1
8pPoc=C+—7 A(g,poc),
Mp
(79)

1 1
8aPoc=73 C+;2' A(g,w00),

where C=eA, is the Coulomb potential of the nucleus, and

g f
B-mgppun= (—mit gy W), (60)
(A—m2)g oon=—8>| n+ fo Vi (81)

® 8,WoN ) 2Mgm ol

Ignoring the second terms on the right-hand sides of
Egs. (79), we conclude from (66), (78), and (80) that

(82)

i.e., the p-meson field of the nucleus is equal to the differ-
ence between the Coulomb potential and twice the isovec-
tor (U,) potential. Indeed, from (80) we obtain approxi-
mately

gppOZC—ZUI ’

g
g,,pozv=—201(r)z;n’% n3(r), (83)

P
in agreement with the phenomenological expression'® for
the nuclear isovector potential U,.

We now obtain a more accurate expression for the
isovector potential that takes into account the finite range
of the p-meson exchange potential [the terms Ag,poy and
the divergence on the right-hand side of Eq. (80)]. For
this, we substitute the decomposition (78) in Eq. (70) and
obtain the approximate expressions g,poc=C and
g,@0c~3C for the Coulomb components of the vector
fields. Then from (70) and (76) we obtain

2 2
m m
AC= —ez(-—w (‘()ON-Q-_,Z ON) .
2g, 8 P
On the other hand, the source of the Coulomb field is,
as is well known, the density no(7) of the charge distribu-
tion over the nucleus. From this, we obtain an expression
for it in terms of the nuclear components of the vector
fields,

(84)

2 2

(F) =2 pow(F) +2=2 won(r) (85)
ne(r)=— r)+— r),
C g, PonN zgmwON
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which is the well-known current—field identity in Sakurai’s
model.'”!

Ignoring the difference between the forms of wyy(7)
and poy(r) (this is valid because of the small difference of
the masses of the w and p mesons), we conclude that the
vector fields of the nucleus are proportional to the charge
density distribution n(r). In this way, we obtain the more
accurate phenomenological expression

U,(r)=K, ne(r), K,;=339.3 MeV-fm® (86)
for the vector potential of the nucleus.

To conclude this section, we consider a nucleon in an
external static magnetic field. In this case, Egs. (63) and
(64) give w,=(e/2g,)A4,, p,=(e/g,)A,, and the Dirac
equation (61) takes the form

1+T3 e
E¢=[a(p— > eA)+7’oM—mTo
X|=—4713=— |0 curl A(v, 87)
(ng 32gp l/} (

where the last term takes into account the anomalous mag-
netic moments of the nucleons. Using the values 1.79 and
—1.91 of the anomalous gyromagnetic ratios of the proton
and neutron, we obtain

ﬁ= —0.06; ﬁ

2g, 2g,

=1.85. (88)

Resulits of calculations

The self-consistent system of equations (66)—(70) de-
termines the properties of the nuclei through the constants
8. 8y 8s» and mg. The calculations made in Ref. 85 of the
ground-state properties of the '°0, “°Ca, “®Ca nuclei give
for these constants the following “medium” values:

g £

G=14.059, Er=2'575’
(89)
g
—=6.81, mg=475 MeV.
41

The “vacuum” values of these constants are deter-
mined by analyzing NN scattering in the model of one-
boson exchange. They are

A

é;_: 2.470+0.255,

E=12'85i1'29’ 2
(90)
£
—=17.14, mg=550 MeV.
47

Comparing (89) and (90), we see that the “medium”
coupling constants of the vector mesons hardly differ from
the “vacuum” constants. Thus, the relativistic nuclear shell
model proposed in Ref. 85 contains just two parameters (a
coupling constant and the mass of the scalar meson) that
differ, even if only a little, from the vacuum values.

In Table VII, we give the results of calculations of the
mean-square radii of the distributions of the protons, the
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TABLE VII. The rms radii of the distributions of the protons, neutrons, and charge (in fm). The
experimental data given in the brackets are taken from Refs. 104, 105, and 106.

Nucleus A r, .~ T, Ten
169 2,77 2,72 -0,05 (0,0) 2,83 (2,73)
Oca 3,43 3,37 -0,06 (0,05+0,05) 3,48 (3,48)
Ca 3,42 3,62 0,2 (0,2%0.05) 3,44 (3,47

neutrons, and the charge in the 160, 9Ca, “8Ca nuclei. The
experimental values of these quantities, also given in Table
VII, exhibit good agreement with the theory. The charge
distributions in these nuclei calculated in accordance with
the expression (85) are shown in Fig. 5 by the broken
curves. The corresponding experimental data, shown in the
same figure by the continuous curves, are taken from the
compilation of Ref. 107. It can be seen from the figure that
the agreement between the theory and experiment is en-
tirely satisfactory.

For the “®Ca nucleus, the excitation energy of the
isobar-analog state was also calculated:

,,ipz fpoc(r)ng(r)d3r.

The calculated value A-=7.041 MeV agrees well with
experiment: AZP = 7.180 MeV.!%

We see that the quality of the description of the
ground-state properties of nuclei in the relativistic shell
model is not in the least less good than in the calculations

Ac=—

FIG. 5. Charge distribution in the '°0, “Ca, “*Ca nuclei.
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in accordance with the nonrelativistic theory despite the
significantly smaller number of phenomenological param-
eters (the typical number of parameters of the nonrelativ-
istic theory, for example, in the Hartree-Fock—Skyrme
method, is 6-7).

Thus, in the framework of Dirac phenomenology it is
possible, from a unified point of view and with maximum
economy, to describe many phenomena associated with the
structure of nuclear ground states. On the one hand, this is
a strong argument for using a relativistic treatment in nu-
clear physics; on the other, it is the reason for an ever
increasing stream of papers that both develop further and
extend the nuclear phenomena described by the relativistic
theory.

5. CONNECTION BETWEEN THE RELATIVISTIC
THEORY AND THE HARTREE-FOCK METHOD WITH
EFFECTIVE SKYRME FORCES

The results that will be presented below were obtained
in the studies of Refs. 14, 45, and 109-112. In this section,
we shall adopt the positions of the relativistic phenomenol-
ogy, in the framework of which the specific nature of the
fields in which the nucleons move is not investigated. The
development of nuclear theory during recent years indi-
cates that the nucleus is a relativistic system. However, 40
years of the existence of nuclear physics were associated
with the development of nonrelativistic representations in
nuclear theory. Definite successes were achieved. In par-
ticular, the nonrelativistic self-consistent Hartree—Fock
theory with effective, density-dependent forces (or three-
particle forces),’® which were introduced by Skyrme
[Hartree-Fock-Skyrme (HFS) approach],” was widely
used. Many investigations were made in this direction, and
a reasonable description of the basic characteristics of nu-
clei was obtained.

In this connection, the following question arises: To
what are the successes of the nonrelativistic theory due?
Are they due to the use of phenomenological parameters,
or is there is a physical reason that allows a corresponding
phenomenology? We now turn to a discussion of this ques-
tion.

We consider the transition from the relativistic Dirac
equation (11) to an equation of Skyrme type. We shall
calculate the energies of the single-particle states from the
nucleon rest mass,

E;»=M+E,1 (91)

(for bound states, ¢, is the binding energy), and we write
Eq. (11) as a system of two equations for ¢; and y;:
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e@,=0 pxi+ V() +S(n]es,

exXAa=0 " p@;—[2M+S(r) =V (r)1xs -

We now use the fact that for bound states £, <M, and
therefore in the second equation in (92) the term with g,
can be ignored. Then to terms of order £;/M, the system
(92) takes the form

1
TR

(92)

O PPis (93)

1d 1
E/I‘P/I pz%(r) P+ ( )+rdr (2%(,.))1 0']‘]’1 ’ (94)

where we have introduced the notation
Ulr)=V(r)+S(r); 2M(r)=2M+S(r)—=V(r). (95)

Equation (94), which is valid to terms of order ¢;,/M,
has the form of the Schrodinger equation for a particle
with effective mass I (r) (Ref. 102) moving in the central
potential U(r) and a spin—orbit potential. The HFS
method leads to equations of precisely such form 5113

The HFS method is based on the effective forces intro-
duced by Skyrme.*’ Vautherin and Brink® used as their
point of departure a Skyrme potential in the form of a sum
of two-particle and three-particle forces,

u= > v+ X v (96)

i<j i<j<k
employing as interactions v{3’ and v% in the configuration
space velocity-dependent zero-range interactions of the

form
V{2 =t0(14x0Ps)8(r; — 1) +3,[8 (1} — 1) K2
+k'26(r;—1y) 1 +6,k'8(r;—ry ) k+iW,
X (o14+0)k'8(r;—r,)k (97)

and

ViR =18(r;—1,)8(r,—r3), (98)

where 1, 1;, 1, t3, X9, W are parameters; P, is the operator
of spin exchange; k denotes the operator (1/2i)(V,—V,)
acting to the right, and k' 1is the operator
—(1/2i)(V,—V,) acting to the left; the last term in (97)
represents the two-particle spin—orbit forces. In Hartree—
Fock calculations of even—even nuclei, the three-particle
forces (98) are equivalent to repulsive two-particle forces
with a linear dependence on the density of the form (26),
and they ensure saturation in the HFS method.

The Hartree-Fock equations for the Skyrme interac-
tion can be obtained™ by requiring stationarity of the total
energy of the nucleus with respect to variations of the
single-particle states ¢, and by imposing the additional
requirement of normalization of these states.

For the Skyrme interaction, the energy density is® an
algebraic function of the nucleon densities n, and n,, the
kinetic-energy densities 7, and 7,, and also the spin densi-
ties J, and J,, which are determined by means of the re-
lations
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(r)= Y |Voi(ro) |2

Ao

nr)= 2 |ei(ro) |3
Ao

(99)
J(r)=—i 2, ¢¥(r,0)[Vei(r,o’) X {(o|a|a’)].

Aa,0’
The sums in Eqgs. (99) are calculated over all occupied
single-particle states: o, o' = £1/2.
For nuclei with N =Z and without a Coulomb field, we
have

n,,=np=%n, T,,=Tp=%1', J,,=Jp=%J. (100)

For spin-saturated nuclei, the spin density vanishes
(this last assertion is valid to the accuracy with which the
radial wave functions of the spin—orbit doublet j=I/+1/2
can be assumed to be identical):

J=0. (101)

If, for simplicity, we restrict consideration to nuclei for
which the conditions (100) and (101) are satisfied, then in
this case we obtain as Hartree-Fock equations for the
Skyrme potential (97), (98) equations of the form™

1
£91= P 35y P+ Unrs WO (=D (VX0) g,
(102)
where IM*(r) is the effective mass; Uyps is the potential
energy; and W(r) is the form factor of the single-particle

spin—orbit potential in the HFS method. These quantities
can be calculated by means of the relations

1 1
o =g Ton(r), (103)
Uyps= —an-+bn*—cAn+er, (104)
3
W(r) =2 W,Vn, (105)

where A is the Laplacian.

The constants a, a, b, ¢, e in Egs. (103)-(105) can be
expressed in terms of the parameters #,, ¢, ¢,, and #; of the
Skyrme forces.

Comparing Eq. (94) of the relativistic theory for the
large component of the wave function with Eq. (102) of
the HFS method, we see that these equations have much in
common.

The difference between these equations is that in the
HFS method the spin-orbit potential is introduced ‘“by
hand,” whereas in the relativistic theory it has the same
origin as the effective mass. We note also one further fea-
ture.

In the HFS method, we have the equality a=e; as we
shall see in what follows, such a relation is not satisfied in
the relativistic theory.

We begin our consideration only with Eq. {11) and
estimate, using the single-particle equation (94) of Skyrme
type, the values of the fields ¥ (r) and S(r) on the basis of
experimental facts—the known values of the spin—orbit
coupling and the depth of the shell potential in the nucleus.

Nguyen Van Giai and L. N. Savushkin 389



The single-particle spin—orbit potential in the nucleus
[see Eq. (94)],

U Ld ! 1 (106
L= dr (m(r)) > )
can be transformed to the form
1[V(r)-S(H]
[V(r—S(n] (107)

ULS:;—(ESDT)I——I’O',

from which it follows that the enhancement of the spin-
orbit coupling in the nucleus arises for two reasons: 1)
because | V'—S|> | U|; 2) because I < M. The expression
(106) ensures the correct sign and magnitude of the spin—
orbit interaction in the nucleus.

For an estimate, we use the fact that the spin—orbit
potential is known experimentally. Usually, it is chosen in
the form

Ars dn
Us=— 7 1'0, (108)
where a ¢ is a known constant.
Comparing (106) and (108), we obtain
! ! 109
m=m+aLS”(r); (109)

and this is the expression for the effective mass to which
the HFS method leads [see (103)].%

In deriving the relation (109), we took into account
the boundary conditions

n(r)=0, M(r)=M for r>R. (110)

It follows from (93) and (109) that the small compo-
nent of the nucleon wave function can be expressed in
terms of its large component by means of the spin—orbit
coupling constant a g [see (108)]:

[14+2Ma;sn(r)]o pp; . (111)

1
Xi=337
Substituting a;¢=285.5 MeV - fm’ in (109) and (111),
and assuming within the nucleus n=0.17 fm 3, we obtain

2Ma sn(r)=0.7 for r<R, (112)

from which it can be seen that the second term in (111) is
comparable with the first. The theory of the electromag-
netic interaction in the nucleus is based on allowance for
only the first term in (111). This means that the use of the
nonrelativistic description may involve a large error. This
error is manifested, in the first place, in a consideration of
transitions of magnetic type, since in this case the large and
small components of the wave function are coupled. This
was illustrated in the studies of Ref. 45 in a consideration
of the problem of the stability of the ground state of a
system in the relativistic theory.
Further, from (109) and (112) we have

m
—=0.6.

i (113)

Hence and from (95) we find that within the nucleus
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V—8§=0.8M =750 MeV. (114)

Note that in (114) and in what follows the depths of
the potentials S(») and V(r) are denoted by S and V,
respectively; U is the depth of U(r). The depth of the
central potential can be estimated on the basis of the fact
that the power of the well is determined by the expression
2MUR? (where R is the radius of the nucleus) and that the
depth of the shell potential is —50 MeV. Bearing in mind
that in the shell model =M, we have

M
U=S+ V=5 Ugp=—90 MeV,

whence

S=—420 MeV; V=-+330 MeV, (115)

in agreement with the estimates of Ref. 114, which were
made in the framework of the shell model; in this section,
we obtained the estimate (115) using the equation of
Skyrme type (94) for the large component of the wave
function @,.

Calculations in accordance with the expressions (16)
and (17) for nuclear matter on the basis of Walecka’s
model'® give S=—410 MeV and V= +324 MeV.

We note that the estimate (115) obtained using the
relativistic phenomenology is reliable, since it does not use
any model ideas about the nature of the fields S(7) and
V(7). This estimate is based solely on experimental data.

Thus, a specific feature of the nucleus is that the fields
which act on a nucleon within the nucleus are not small
compared with its rest mass. This is why the nucleus is a
relativistic system even though &;/M<«1. The presence of
the small parameter £;/M makes it possible to use the
quasirelativistic equation (94) to calculate the large com-
ponents of the wave functions. However, as we have al-
ready noted, the small components of the wave functions
are strongly enhanced, so that the neglect of them can lead
to incorrect physical results.

We demonstrate this for the example of the description
of saturation in the theory. It can be seen from (12), (13),
and (95) that the depth of the central potential is deter-
mined by the expression

g &

UZ—Z n——x

L (116)

w

We have used the fact that within the nucleus, i.e., for

r <R, the densities are constant to a good accuracy. There-

fore, within the nucleus we can use the results obtained for

nuclear matter (see Ref. 45). Figure 6 shows the depth U
as a function of n, calculated with the parameters

M? §‘§=195.7, M? %237:266.9.
N

@

(117)

The presence of the minimum of U at a certain value of
the density arises because the scalar density ng is equal to
n at low densities, after which it becomes constant (see
Fig. 1; Ref. 45). It is the presence of this minimum that
ensures saturation. The fact is that in the considered
scheme the kinetic energy is a monotonically increasing
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function of the density. Therefore, if the potential energy
has a minimum at a certain density 7., then the total
energy will also have a minimum, i.e., saturation will be
achieved, but this minimum will occur at a density 7g < n.q.
It is interesting to note that the equilibrium density corre-
sponding to the minimum of the potential energy has the
value n.,,=0.216 fm~> (Ref. 14), whereas the equilibrium
density calculated in Ref. 16 from the total energy for the
same parameters is 71,=0.190 fm 3. From these numbers it
can be seen that in the considered scheme the kinetic en-
ergy plays a small part in ensuring the saturation phenom-
enon.

In the nonrelativistic approximation, the small compo-
nents of the wave functions are not taken into account, and
as a consequence of this ng=n, so that the depth of the
central potential is

& &
Uy=— (-’%_?)n= —625.68n,

[}

(118)

i.e., it does not have any minimum as a function of the
density.

From the above treatment it can be seen that satura-
tion, a fundamental property of nuclei, is a purely relativ-
istic effect. This property is realized because there are in a
nucleus two fields with the transformation properties of a
relativistic scalar and a relativistic vector; also important is
the presence of the “small” component of the nucleon
wave function. In nonrelativistic theory, we can only imi-
tate this. To ensure in the nonrelativistic theory the exist-
ence of a minimum of U at the same value of the density
ne, and at the same depth as in the original relativistic
potential (116), we can use a quadratic form like

Uy=—an+bn?, (119)

which corresponds to the HFS method [see Eq. (104)].
The potential Uy has a minimum at the same point as the
potential (116), at

a=816 MeV-fm% b=1889 MeV - fm® (120)

(see Fig. 6). From this it can be seen directly that the
transition from realistic forces to effective forces does not
come about as a result of renormalization by many-particle
effects, as is assumed in nonrelativistic theory, but by the
need to compensate for the use of an inadequate approach,
which eliminates from consideration the small component
of the nucleon wave function. It should be emphasized that
the relativistic potential U does not directly contain a com-
ponent proportional to n°. The minimum of the relativistic
potential (as a function of the density) is achieved only by
virtue of allowance for the small component of the nucleon
wave function.

The above considerations show that the nonrelativistic
Hartree—Fock calculations with effective Skyrme forces are
an imitation of the relativistic description (cf., however,
Ref. 110).

The expression (116) for U is valid only within the
nucleus. Allowance for the finite sizes leads to a correction
of the form
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In the HFS method, the central potential (104) also
has a term of the form (121). The coefficient of An, cal-
culated with realistic forces, is 200 MeV - fm° for mg=>550
MeV and 143 MeV - fm® for mg=500 MeV.

Finally, as can be seen from (12), (13), (94), (95),
and (116), the central potential has the term
1Y'(8% 8
oo (-
where 7 is the kinetic-energy density, 7==2,| Vg, |% and
such a term is present in the HFS method [see (104)].

Thus, we have shown that the relativistic theory makes
it possible to calculate all the parameters of the effective
Skyrme forces on the basis of realistic forces. The param-
eters that we have calculated are compared with the phe-
nomenological values used in various parametrizations in
Table VIII, from which it can be seen that the “realistic”
parameters agree well with the phenomenology.

There exist several forms of Skyrme forces that de-
scribe the properties of nuclear ground states approxi-
mately equally well. The results show that the “Skyrme II”
forces are the best. The relativistic theory provides a justi-
fication of this parametrization of the effective forces.

Thus, it has been shown that the large component of
the wave function can be found approximately as the so-
lution of the nonrelativistic problem and that the small
component can be recovered from the observed spin-orbit
splitting by means of the relation (111). In the description
of fields of electric type, the small component can be ig-

(122)

Nguyen Van Giai and L. N. Savushkin 391



TABLE VIII. Comparison of parameters of Skyrme forces and forces calculated on the basis of

meson theory.

Coefficient  |g, MeV - fm’a, MeV - fm‘ﬂb, MeV - fm€c, MeV - fm’le, MeV - fm®
Type of Skyrme forces''?

Si 13 793 2712 82 13

su 101 877 1750 169 101

sii 44 846 2625 126 44

NAY 154 904 938 210 154

Sv 215 936 0 256 215

Svi 7.7 826 3188 98 7.7
Realistic forces 85.5 816 1889 200 125

nored in the long-wavelength approximation. However, al-
lowance for it is of fundamental importance when one is
considering fields of magnetic type, since in this case the
interaction couples the large and small components, and
the effect of this coupling is enhanced by the decrease of
the nucleon effective mass within the nucleus. Such effects
can be very important in investigating the stability of the
ground state in external fields; fields whose symmetry dif-
fers from that of the ground state are of the greatest inter-
est.

In this section, we have not hitherto made a special
separation of the Coulomb energy in the single-particle
Dirac equation.

To conclude this section, we mention results obtained
in Ref. 112, in which a study was made of the Dirac equa-
tion for a proton in a nucleus with a shell potential includ-
ing nuclear and Coulomb components. The reduction of
the Dirac equation to an equation of nonrelativistic type
was considered in this study. In this case, the effective
potential U, includes two effects associated with the Cou-
lomb interaction that are absent in the traditional nonrel-
ativistic treatment: 1) U includes a Coulomb-nucleus in-
terference term; 2) U, depends strongly on the proton
energy, which, in its turn, depends on the Coulomb energy.
If the nuclear potential of the shell model consists of a
strong attractive world scalar and a strong repulsive Lor-
entz vector, then the effect (1) is by itself very important,
although the effect (2) works in the opposite direction.

The upshot is a small but nevertheless important de-
crease of the Coulomb energy in relation to the completely
nonrelativistic problem.

The relativistic mean-field approximation in its mod-
ern form completely ignores the important relativistic ef-
fect associated with allowance for the states with negative
energy. In this approximation, only the valence nucleons
contribute to the sources of the meson fields. In fact, the
nucleons in the sea of negative energies are under the
strong influence of these mean fields, and this leads to vac-
uum polarization in such theories. The reason for the ne-
glect of such an effect in the relativistic mean-field approx-
imation is obvious—the Dirac sea contains an infinite
number of levels. An attempt to solve this problem for
nuclear matter was made in Refs. 57, 115, and 116, which
established a significant role of the considered effects, lead-
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ing to a need to readjust the model parameters. For finite
nuclei, the solution to the problem is much more compli-
cated. The problem was considered, for example, in Ref.
117, which also gives references to preceding studies, both
for spherical and for deformed nuclei.

6. RELATIVISTIC HARTREE-FOCK AND
BRUECKNER-HARTREE-FOCK METHODS FOR
SPHERICAL NUCLEI

Whereas the literature contains many studies with cal-
culations of finite nuclei based on the relativistic Hartree
method, relativistic Hartree-Fock calculations are much
less common. It is important to investigate the role of the
Fock terms, since they are essentially associated with is-
ovector mesons. Indeed, as we noted above, the isovector
mesons do not contribute at all to the Hartree terms for
N=Z systems. Even in the case of N5£Z systems, the 7
meson, whose role might seem to be important, does not
contribute to the Hartree approximation. The main interest
in the Hartree-Fock model, which is more complicated in
its practical realization, is associated with the possibility of
taking into account in this case the isovector 7 and p me-
sons (in the case of N=Z nuclei too).

If we proceed from a Lagrangian with only isoscalar
(0, ) mesons, then in the framework of the Hartree-Fock
approximation we obtain results analogous to the Hartree
results with a new fitting of the coupling constants
(80 g,‘,).lm This result can be readily understood qualita-
tively if it is recalled that the NN interaction induced by
the heavy o and ® mesons has short range. In the zero-
range approximation, the effects of the Fock (exchange)
terms are proportional to the corresponding Hartree (di-
rect) contributions.

In connection with the inclusion of the 7 meson in the
self-consistent scheme, we note that the use in the Lagrang-
ian of pseudoscalar coupling leads to computational insta-
bilities in the solution of the Hartree—Fock equations, and
for this reason the calculations were made using
pseudovector coupling.

In contrast to the Hartree approximation, in the frame-
work of which the corrections associated with the vacuum
fluctuations were included in the treatment for finite
nuclei,''>117119 it is much more complicated to take into
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account these corrections in the Hartree-Fock
approximation.'?’ This remains an open problem.

A large proportion of the Hartree-Fock calculations
for finite nuclei were made with allowance for only the
vector coupling of the p meson (Refs. 30, 32, 34, and 121).
To a certain degree, this restriction simplifies the calcula-
tion of the Fock terms. However, one must have a critical
attitude to the restriction, since for vacuum the tensor p-N
coupling constant f, is much greater than the vector con-
stant g, The ratio f,/g, is 3.7 in the vector-dominance
model, and analysis of 7V scattering gives 6.6.

The results of Refs. 30, 32, 34, and 121 show that in
the framework of the relativistic Hartree-Fock method it is
possible to obtain a description of finite nuclei like the
Hartree description. The inclusion of the 7 meson and the
contribution of the exchange terms improves the spin—orbit
splittings compared with the Hartree approximation.

Hartree-Fock calculations of finite nuclei based on a
Lagrangian including the o, ®, p, and 7 mesons and al-
lowing both vector and tensor coupling for the p meson
were made in Ref. 118. In this study, the adjustable pa-
rameters were the coupling constants for the o and @ me-
sons and the mass of the o meson; the coupling constants
for the 7 and p mesons were taken in Ref. 118 equal to
their vacuum values: f2/4r=0.08, g,/4m=2.20,
f p/gp=3.7, as were the masses of the o, 7, and p mesons.
The coupling constants g, and g, were fixed by fitting the
saturation point for symmetric nuclear matter (E/A
=—15.75 MeV, kr=1.30 fm~'). The remaining parame-
ter m, was taken equal to 440 MeV in order to reproduce
the correct '°0 radius. With such a Lagrangian, the coef-
ficient a, of the symmetry energy obtained in the frame-
work of the Hartree-Fock approximation is 28 MeV, i.e.,
in acceptable agreement with the empirical value. This re-
sult is interesting, since the symmetry energy is to a large
degree associated with the isovector mesons, the coupling
constants of which are not changed from the vacuum val-
ues. It should be noted that the compression modulus K
was then found to be 465 MeV, i.e., larger than the empir-
ical value 210 MeV, but nevertheless smaller than the value
540 MeV corresponding to the traditional o—w model and
the Hartree approximation.’

The characteristic results of Ref. 118 for nuclei with
closed shells are shown in Fig. 7 and in Table IX.

The charge densities calculated by the Hartree-Fock
method are compared with the measured densities in Fig.
7. The level of agreement for all nuclei is fully comparable
with that obtained in the nonrelativistic Hartree—Fock cal-
culations with Skyrme forces.!”®> The binding energies,
charge radii, and some spin—orbit splittings are given in
Table IX. Since the corrections for the center-of-mass mo-
tion cannot readily be included in the relativistic calcula-
tions by the Hartree—Fock method, an estimate taken from
nonrelativistic calculations'!? is given in the bottom (c.m.)
row of Table IX. The role of these corrections reduces to
an increase of the calculated binding energies. Neverthe-
less, it can be seen that for the binding energies of all nuclei
the values fall short of the experimental values by ~1.5
MeV per nucleon. It is possible that correlation effects,
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FIG. 7. Calculated (broken curves) and experimental (continuous
curves) charge distributions. The hatched regions correspond to the ex-
perimental uncertainties.

which are outside the framework of the Hartree-Fock
method, will increase the theoretical binding energies. It
can also be seen that in the calculations completely satis-
factory charge radii of all nuclei are obtained if the value
m,=440 MeV is chosen in order to reproduce the '°O
charge radius. Although the Hartree-Fock single-particle
spectra differ from the experimental spectra, as they must,
nevertheless it must be justified to make a direct compari-
son of the calculated and measured spin—orbit splittings,
since the effects associated with going beyond the frame-
work of the Hartree-Fock method lead to a modification of
the single-particle energies that evidently preserves the
spin—orbit splittings. Table IX illustrates the remarkable
agreement between the theory and experiment for Ajg.
Here, the role of the 7 and p mesons is extremely impor-
tant in order to obtain the correct spin—orbit splittings.

We now establish the relationship between the nuclear
binding energies in the relativistic and nonrelativistic cal-
culations. We shall follow the discussion given in Ref. 118.
In the relativistic case, the expression for the binding en-
ergy per particle has the form

ER 1 ¢ t{f 1 4 £
T3 2 41 2 4= (123)

In the nonrelativistic Hartree-Fock method, this en-
ergy is determined by the relation

tNR 1 A SNR
3 2 — FE=1""1e"" 1 E,,

(124)
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TABLE IX. Comparison of relativistic Hartree-Fock and experimental values. For each nucleus, the
table gives the binding energy per particle, the charge radius, and some proton spin—orbit splittings
(1p state for 190, 1d state fo. “*Ca and **Ca). The row c.m. has a commentary in the text. The

energies are measured in mega-electron-volts, and the radii in fermis.

- |(!0 JOCa “Cﬂ QOZr ZOBPb
58 [TE E E E E

EE Tl e BT e | Bs | A e | Mus | T 'e |72l e
E:

DHF| 5.61 | 2,73 7,3 | 6,82 3,47 | 8,0 |7,10|3,47| 4,1 |7.40
Exp..| 7,98 2,73 ] 6,3 |8,55|3,48| 7,2 | 8,67 3,47 | 4,3 |8,71
cm. | 0,61 0,20 0,18 0,08

4,26 | 6,74 | 5,47
4,27117,87|5,50

0,02

where £2® is calculated by means of the operator —V*/2M,
and E, is the energy of the rearrangement per particle as-
sociated with the density dependence of the effective inter-
action.

The nonrelativistic wave functions are well approxi-
mated by the large components G, of the relativistic func-
tions, and it can be shown?’ that #® is less than #*R. To
simplify the arguments, we consider the (o, @) model,
which contains only the scalar field S(r) and the time
component of the vector field ¥(r). In this model, X can
be expressed in terms of the small components F,, of the
wave function as follows:

A
)
a=1

On the other hand, if we calculate £'% using as wave
functions only G,, i.e., to terms of order F2/G? by virtue of
the normalization, and express the results in terms of F, by
means of the Hartree-Dirac equation, then we can obtain

F(r)[E,+S(r) =V (r)ldr. (125)

A
=7 S | FPA()[E,+M+S(x)—V(r)]%4dr.

&=l (126)
Thus,

1 4
R_NR_ Fi E,—M+S
YVY; (Z’x (I (r)

—V(r)]%dr

is always negative.

It can be seen from this result that if the two models
give approximately the same binding energies and densi-
ties, then £*® must be more negative than £® and/or E,
must make a negative contribution. As an illustration, in

(127)

Table X we compare the components of the binding energy
per particle for the “°Ca nucleus in two realistic cases. The
relativistic Hartree-Fock model is considered in Ref. 118,
whereas the nonrelativistic model is calculated with a stan-
dard Skyrme interaction (SIII)!!? without corrections for
the center-of-mass motion in order to make the compari-
son clearer. Although E®/4 is larger than EVR/4, both X
and e are lower than "® and £"%, respectively. If by
fitting (for example, by a small increase of f ) we require
ER/4=—8.3 MeV in cCa, then R and &R w111 be even
smaller.

We now briefly discuss Dirac-Brueckner-Hartree—
Fock (DBHF) calculations for finite nuclei. Strictly speak-
ing, such calculations have not yet been made on account
of the great volume and complexity of the calculations
associated with this method. For infinite nuclear matter,
the problem of the double self-consistency of the DBHF
equations was solved by several groups.!*'?>!2 Starting
from a quasipotential ¥ obtained on the basis of one-boson
exchange potentials (OBEP) with parameters fixed by fit-
ting the NN data, the medium NN interaction (or G ma-
trix) can be found as the solution of the Bethe—-Goldstone
equation

G=V+VKKQG, (128)
where Q is the Pauli operator, and K is the propagator of
the dressed particle, satisfying the Dyson equation

K=K© 4+ KO3k (129)

In Eq. (129), K© is the free-particle propagator, and
3 is the self-energy operator, the matrix elements of which
are given by the sum of the Hartree and Fock diagrams:

TABLE X. Components of binding energy per particle for the “°Ca nucleus calculated in the
nonrelativistic model NR(SIII) and the relativistic model (R).!'® All quantities are measured in

mega-electron-volts.

Parameters NR(SID R
t 8,2 5.8
3 -10,9 -12,6
E, -5.6 0
E/A -8.3 -6.8
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TABLE XI. Neutron, proton, and charge rms radii calculated in different approximations. The final

column gives the binding energies per particle.

Nucleus | Approximation R, .fm R, fm R, fm E/A, MeV
| 3,08 3,12 3,22 -9,5
0 2 3,21 3,26 3,35 -6,6
La
3 3,19 3,23 3,33 -7.9
EXp. 3,48 -8,55
1 4,07 4,03 4,11 -8.5
% 2 4,08 4,03 4,11 -6.9
Zr
3 4,07 4,03 4,11 -1.9
2Xp. 4,27 -8,71
1 5.42 5,37 5,43 -1,0
28,
2 5,36 5,27 5.33 -6,0
€xp. 5,50 -1,87
(k)= 3 (kk'|G|kk')—(kK'|G|k'k).  (130) 2(r) = Zpun(r) +AZ. (131)

k' (occ)

The self-consistent solution of Eqgs. (128)-(130)
shows that if we work in the Dirac (four-component)
scheme, instead of in the traditional nonrelativistic one,
then the saturation point of nuclear matter is shifted from
the so-called Coester line and approaches the empirical
saturation point (Refs. 2, 13, 122, and 123). At the same
time, the compression modulus of nuclear matter reaches
values close to the empirical one, i.e., ~200 MeV.1

Obviously, it is difficult to obtain a complete solution
of Egs. (128)-(130) for finite nuclei, and for this reason
only approximate calculations have so far been made in
this case. In Ref. 124, the effective G matrix is obtained
from calculations of nuclear matter using a certain version
of the effective-density approximation. This effective G ma-
trix has been used to solve Egs. (129) and (130) for the
150 nucleus. On the basis of the OBEP potentials of Brock-
mann and Machleidt,'> Miither, Machleidt, and
Brockmann'?* obtained for the binding energy the value
5.65 MeV (the experimental value is 7.98 MeV) and for
the charge radius 2.46 fm (experimentally, 2.73 fm). They
also compared their results with an analogous calculation
made nonrelativistically (on the basis of the same original
OBE potential), which gives for the binding energy the
value 5.71 MeV, which differs little from the relativistic
value, whereas the radius is much less than the relativistic
value 2.29 fm.

A different approach was realized in Ref. 125, in which
an attempt was made to obtain for a finite system the self-
energy £ (or, at least, its main part) directly from the
self-energy ="M calculated for nuclear matter using the
local-density approximation. The study of Ref. 125 was
based on the results of ter Haar and Malfliet'* for nuclear
matter, for which an effective density-dependent Lagrang-
ian was constructed.'?® The main assumption made was
that the self-energy in the Dirac equation, which deter-
mines the Hartree—Fock spinors, is a sum of a local oper-
ator and a correction of the form
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The self-energy for nucler matter, VM (k, kp), de-
pends on the nucleon momentum k and the Fermi momen-
tum kj. By virtue of the weak dependence on £, it is pos-
sible to identify =y, with

Sou (1) =Z"[k=kp, kp(r)], (132)

where the appearance of kz(r) reflects the local-density
approximation. The term AZ in (131) represents a certain
correction for the finite radius, since it vanishes for a G
matrix of zero range.

Various approximations were used for AZ:

1) The correction AZ was set equal to zero. In this
case, the dependence in (132) on kg(r) is replaced by a
dependence on the averaged local momentum kz(r).

2) It was assumed that

AZS=3(r) X[ k=kg, kp(r)], (133)

where 2 ,(r) and E%M (k, kg) are the Hartree self-energies
of the finite system and infinite matter, both calculated
with the effective Lagrangian of Ref. 126.

3) It was assumed that
where the quantities on the right-hand side have the same
definitions as when the approximation (2) is used, but they
now include both Hartree and Fock contributions.

The results obtained in the framework of these
approximations'? are presented in Table XI and in Fig. 8.
Despite the presence of a certain dependence of these re-
sults on the approximations that were used, they are prom-
ising and indicate that DBHF theory can be used to de-
scribe finite nuclei without phenomenological refitting of
the relativistic G matrix, which must be done in the non-
relativistic G-matrix approach.'?’'® The reason for this
appears to be that the Dirac-Brueckner approach already
includes some three-particle effects, and this leads to closer

r+r’
AS=3pp(ry')—3¥M —5— (134)

’

k=kp, kF(
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proximity of the calculated and empirical saturation
points, whereas in the nonrelativistic G matrix these effects
are absent.

7. NUCLEAR EXCITATIONS IN THE RELATIVISTIC
MODEL

The success of the relativistic Hartree and Hartree—
Fock approximations ensured a good basis for the study of
nuclear excitations in relativistic models. As usual, elemen-
tary excitations occur because of the displacement of nu-
cleons from occupied states to unoccupied states, while the
random-phase approximation (RPA) provides a method
for constructing collective states, which can arise as a re-
sult of the residual particle-hole interaction.

One of the important points is to establish the possi-
bility of correctly describing in the framework of the rela-
tivistic model giant resonances, which are a well-known
characteristic realization of nuclear dynamics. It was as-
sumed that because of the large compression modulus the
breathing mode would be predicted in the (0, @) model at
a too high energy. Estimates based on scaling methods also
indicate that the isoscalar monopole and quadrupole reso-
nances must lie too high.'?® In what follows, we shall see,
however, that these scaling energies are higher than the
RPA energies. In this section, we shall dwell on the isos-
calar giant resonances because a large proportion of the
studies in this field has been made in the framework of the
(0, ) model, ie., in this model only the isoscalar
particle-hole interaction is described. The calculations of
giant resonances that will be considered below do not in-
clude the vacuum-polarization effects, which may play an
important part. At the present time, a renormalization
procedure’’ has been carried out only for infinite nuclear
matter'>**! and has been adapted for finite systems in the
local-density approximation. We shall see below some
manifestations of the vacuum-polarization effects for the
example of the response functions for electron scattering.
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FIG. 8. Calculated charge densities in “Ca (a), *Zr (b), and 2*Pb
(c). The different curves correspond to the approximation: /) con-
tinuous curve, 2) dotted curve, 3) chain curve.

We shall discuss briefly the formalism of the relativistic
RPA, following Ref. 132. In the Dirac-Hartree approxi-
mation, the single-particle spectrum is obtained by solving
the Dirac equation

[VoEi+iy - V—(M+Zs) —y*Z,]hi(x) =0,

where (E, h;) are the energy and wave function of the
single-particle state i; Zg(x) and 2,(x) are the self-
consistent scalar and vector Hartree potentials generated
by the scalar (o) meson and vector (w and p) mesons,
respectively. Using the coupling constants, for example, of
Ref. 66, we have at the center of the nucleus 2 g= —400
MeV and 3,=350 MeV. We shall distinguish by means of
the notation occupied Fermi states (i=a, h,=f,
E,=E,>0), unoccupied Fermi states (i=A4, h=f,
E;=E,>0), and states of the Dirac sea (i=a, h;=g,,
E;=E,<0). The single-particle Hartree propagator G
can be decomposed into Feynman (Gy) and density-
dependent (Gg) components:

(135)

Gy(x, x'; E)+Gr=Gy, (136)

where the Feynman and density-dependent propagators
are expressed as follows:

fi(x) fi(x")

GF(X’ X’; E)= 2 E—E+l7]
1]

i=a,A
5 £aOB0)
E—-E,—in’

a

GQ(X: xl; E) = z fa(x)j_{.a(x')

E—E,—in
—~———1 137
_E_Ea"l_n]] ( )
If I'p and T’y are arbitrary 4X4 matrices, then the

uncorrelated particle-hole polarization operator ¥ in
coordinate space has the form
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g lﬁ 20 30 40 5OE, MeV
no(ry, 'y x, x'; E)
1 +
= f dE’ - Tr[T pGy(x, x’; E+E')
2mi ) _
XTGu(x', x; E')]. (138)

The role of the residual particle-hole interaction re-
duces to the appearance of a correlated polarization oper-
ator II. If we sum the subclass of ring diagrams, then we
obtain the RPA polarization operator. For finite nuclei, it
is convenient to use a multipole expansion of II, since each
multipole satisfies a separate one-dimensional integral
equation. In the momentum space, we have the following
RPA equation for multipole L:

I.(Tp Ty kk'; E)
4
=N (Cp Ty k k5 E)+ 2 | k"dk'IY
a=0
X(Tp Ty k, k" E)x,(k", E)
XM (T% Ty k", k'; E), (139)

where I is the Lth multipole of the Fourier expansion
for (138), the indices a=0, 1, 2, 3 correspond to the o
meson, and a=4 to the o meson. The meson propagators
are determined by the expression

1 1
~ G Py =0 123
XH(k9 E)= 1 1 )
(21T)3 Ez—kz-—mi-{-in ’ if a=4.
(140)

In Eq. (139), the operators I, have the form
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60

FIG. 9. Monopole response functions R(“= as functions of the
excitation energy E.

—8uYw if a=0, 1,2, 3
Fo= 8, if a=4. (141)

If we calculate the uncorrelated polarization operator
(138) with Gy with allowance for (136) and (137), then
obviously the result will be infinite. The divergence is re-
lated to the sum in (138) over all terms of the type GGy,
which correspond to excitations associated with transition
of a nucleon from a state of the Dirac sea to an unoccupied
state. In principle, the divergence can be eliminated by
means of a renormalization procedure by adding to the
Lagrangian counterterms, which lead to a finite result. In
practice, this cumbersome procedure has been carried out
only for nuclear matter. In the spirit of an effective theory,
one can truncate the configuration space by introducing an
energy cutoff for the single-particle states (for both positive
and negative energies) included in the calculations and
investigate the sensitivity of the results to the truncation of
the space.'*®

This computational scheme was used in Refs. 132 and
134 to investigate giant resonances. In this region of ener-
gies, it is possible to ignore the E dependence of the meson
propagators y,(k, E) and use their static limit. In this
case, the result (139) is equivalent to the well-known
method of solution of the RPA by diagonalization of an
energy-independent secular matrix. We discuss some of the
typical results obtained in Ref. 132. In that study, the au-
thors did not consider divergence problems; they took into
account the contribution of the states of the Dirac sea to
the Hartree propagator (136) and the polarization opera-
tor (138), i.e., they neglected these states in calculations of
the Hartree self-energies 2. The distributions of the
strengths of the multipoles are shown in Fig. 9 for the
mode L=0 and in Figs. 10 and 11 for L=2.

For the isoscalar monopole mode, the model predicts a
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collective resonance for medium nuclei, whereas in light
nuclei up to °Ca the distribution of the strengths is very
broad. The calculated energies are higher than the experi-
mental ones. For example, in the RPA the peak energy is
21.5 MeV for *Zr; this value must be compared with the
experimental value 18 MeV. However, in this case the dis-
crepancy is less than the estimate made by Nishizaki
et al.'® for the same relativistic model using the scaling
approximation.

They established the dependence 160 - A~* MeV for
the monopole mode, which gives about 35 MeV for 07r.
The large difference between the predictions of the two
calculations indicates that the compression modulus K
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FIG. 10. Quadrupole response functions R‘“=% for the *C and '°0
nuﬂei. The arrow indicates the position of the low-lying bound state
in “C.

does not completely determine the monopole energies on
account of the fact that surface effects play an important
part.

For the isoscalar quadrupole mode, the scaling results
of Ref. 129 agree better with the energies obtained in the
RPA. The scaling method gives E~884~'% MeV,
whereas the RPA calculations lead to peak energies of
~704~'3 MeV for nuclei from %0 to ¥Zr. The RPA
energies are somewhat higher than the experimental ones,
which are determined by the law 604> MeV. To reduce
the quadrupole energies, we need a larger value of the
effective mass It than the value M/M =0.54 that corre-
sponds to the present calculations.

FIG. 11. The same as in Fig. 10, for “°*Ca and **Zr. The dotted
curve shows the Hartree response in “°Ca. The arrow corre-
sponds to the position of the low-lying state in *Zr.
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The present RPA calculations do not give information
on either the emission widths or the spreading widths.
However, they include effects of Landau damping. These
effects are larger for the modes with L=0 than for the
modes with L=2. For example, in 07+, in which both
modes are manifested (as pronounced giant resonances),
the Landau width is 4 MeV for the monopole resonance
and only 1 MeV for the quadrupole resonance.

Another possibility of making relativistic calculations
in the RPA without divergences was proposed by Suzuki
et al. in Ref. 135, in which a polarization operator no
without allowance for the contribution GzGr was used. In
this case, some effects of the states of the Dirac sea are
taken into account through the terms G4Gr and GGy,

The relativistic approach has also been used to study
nuclear response functions in the region of a quasielastic
peak. These response functions can be measured with a
high accuracy in electron-scattering experiments'*¢!*” up
to large momentum transfers ( ~500 MeV/c). In Ref. 138,
it was already noted that a relativistic model containing
strong scalar and vector potentials leads to a significant
decrease of the quasielastic peak compared with a nonrel-
ativistic model with a nuclear potential of Woods—Saxon
type. However, in Ref. 138 only the independent-particle
model was used. Correlation effects have been investigated
by various groups**!** using the relativistic RPA. They
found that the longitudinal response in the RPA is reduced
to an even greater extent in the quasielastic peak compared
with the Hartree response, and the remaining discrepancy
with experiment does not exceed 20%. Recently, vacuum-
polarization effects have also been investigated.'3%131:13
The results show that the corrections for the vacuum fluc-
tuations make it possible to improve the agreement with
experiment still further. In a recent paper,'* Kurasawa
and Suzuki showed that allowance for relativistic correla-
tions of the RPA with inclusion of corrections for vacuum
fluctuations (renormalized RPA) can solve an ancient
problem. This problem is that the Coulomb sum rule mea-
sured in electron scattering with large momentum transfer
gives a result smaller than the one predicted by the non-
relativistic models. Figure 12 gives the results of Ref. 140
in  comparison with the data of various
measurements, 36137141

Concluding this section, we mention an interesting
suggestion made in Ref. 142 in connection with a very
specific feature of the relativistic models. It is the possibil-
ity in these models of generating not only low-lying exci-
tations of the traditional particle-hole type (giant reso-
nances) but also high-lying NN excitations, where N
corresponds to a hole in the filled Dirac sea. Of course, this
simple picture may be changed because the residual
particle-hole interaction may couple the NN configura-
tions to each other, generating coherent NN states. This
question was investigated in Ref. 133, where it was estab-
lished that both types of NN state (uncoupled and coher-
ent) can exist at energies much lower than 2M.
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FIG. 12. Value of the Coulomb sum C(|q]|) as a function of the mo-
mentum transfer |q|. The black and open circles show the experimental
values for *°Fe from Refs. 136 and 141, respectively. The upper and lower
dotted curves were obtained in the Hartree approximation and the RPA,
respectively, without allowance for the contribution of the sea. The bro-
ken curve shows the result for the renormalized Hartree approximation,
and the continuous curve gives the result of the renormalized RPA. The
curves were calculated for nuclear matter.

CONCLUSIONS

The approach to the description of nuclear properties
presented in this review has been intensively developed
during the last 20 years. Its achievements and shortcom-
ings are now clear. The approach reproduces a large num-
ber of experimental data and leads to a description of nu-
clear matter and finite nuclei that, at the least, is not
inferior to what is achieved by the most sophisticated phe-
nomenological models.

Evaluating the prospects of the approach, we note the
following two circumstances.

1. At the present time, it is important to establish not
only which of the two approaches in nuclear theory (rel-
ativistic or nonrelativistic) is the more economic. Essen-
tially, the answer to this question has already been ob-
tained and presented, in particular, in the present review. It
is important to establish which of the two descriptions is
more justified from the theoretical point of view. For this
reason, the investigations in the immediate future will be
concentrated on phenomena in which the relativistic pre-
dictions differ radically from those of the traditional
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scheme of nonrelativistic nucleons. In this respect, there
are certain hopes placed, in particular, on the physics of A
hypernuclei.

2. In recent years, there has been a considerable
growth of interest in the investigation of chiral models.
There are various realizations of chiral symmetry. It ap-
pears very promising to investigate chiral models that can
simultaneously reproduce the saturation of nuclear matter
and describe the ground states of normal nuclei. At the
present time, such calculations do not exist.

Finally we should like to express our deep thanks to I.
N. Mikhailov for discussions and helpful advice at various
stages of work on this review.

DIn Ref. 51, a Lagrangian of the type (5), corresponding to the o model,
is considered. In this case, the Lagrangian does not contain a vector
field, and A and p in the potential functional U(o) have the values
A=p=1.

DIn Ref. 60, the interaction of baryons with pseudoscalar 7 mesons is
treated on the basis of finite-temperature Green’s functions.

3n Ref. 27 it was shown that for fixed K and given effective mass I (C%
fixed) allowance for vacuum fluctuations increases C%, decreasing at the
same time both b and .

“1n this section, the isoscalar vector field V,and the isovector vector field
b, are identified with the w-meson and p-meson fields and denoted by w,
and p,, respectively.

A difference is that in the relativistic theory the constant a;g in the
expression (109) is the strength parameter of the operator of the spin—
orbit interaction in the nucleus, whereas the parameter a in the HFS
method [see (103)] has no relation to this interaction; it is determined
through the parameters ¢, and ¢ of the Skyrme forces
[a=(1/16) (3t;+51)].
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